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Shortest Paths



Singlesource Shortest paths (SSSP)

Some notes :

Why a tree?

What about negative cycles or
edges ?



Also : If undirected
,
can simulate

with a directed graph : ~

nor no,V

w

Unless you
have negative edges.

(I+ gets wierd .)

Q



Important to realize :

SSSP7 Minimum Spanningtree
I

Why ? based on source

us global mun object



Computinga SSSP.

(Ford 1956 + Pantzig1957)
Each vertex will storevalues.

(think of these as tentative
shortest paths. )

-dist(v) is length of tentative shortest
path Surv
(or o if don't have an option yet

- pred(v) is the predecessor of v on that
tentative path Su v (or NULL if none)card) - -

-
(d)Initially : -T I dexaO
->

Co ,d)
&



We say an edgear is tense if
dist(n) +w+V) dist(v)-
- # (5)

Initially :

useSo .

cat
- Lis

Here :
pla (d(u) ,

plus)
· W

~
①

·

Duer)In general : sm (dcub+
wed,u)

pop()
-



key idea of all algorithms :
Find tense edges a relax
them :

Then :

&

&



Claim : At any point
in time , dist(v)

-

is either is
or the length of

Suv walk.
ciedges, i= loopsome

(which uses ·teration

Proof : Induction on while loop Hectors.

Base case : loopIteration 1
at beginning ,

s has dist=or

all others = 0

at end , shest dist
=o still,

T all neighborsa now have

dist(u) = w(s-u) S
which is a

length 1 walk . (Others are 20)



Ind hyp :

In iferation 11 , the
claim is

true: all are =
1
,
or some

walkSev

Ind Step :
In iferation k : At beginning, we

take out some vertex
U.

pl By IH, dist(u)
is the weight

Chist(u) ,p) of some susu walk.
-

At end, all ubrs v
of n are either

unchanged (t so by If
are still

either N or length of susvwalk)↳



or nev was tense
,
a

now distv) = dist(n) +w(uer).

Since distlu) is a such walk,

then dist(v) is weight of the

walk (suu) + (u-), which

Is a walk with one more edge
at end
.

(All other vertices are unchanged,
If are still of or

a suyu

So by
walk) ⑭



Dykstra's algorithm :

= min heap
:
ExtractMild

f
lace,ne

- rep ve
pense

-



Logic :
at each iteration

, grob
closest vertex .

All others can only have

greater distance

⑧⑨I



Runtime :

LVlogV to to
-↑ time

- anything

6[ in heap

How many
time can loop repect?

since we
neuer

U times , readd vertex

Each time: alter key + deletemin
I brag

↓

OllognV) wr OllogV)



Vog
initialize

repeat V times
;

delete logV
for each incident edge

d(xj
>

alterley = log V

EdlogV = Elog V

⑭ O(ElogV)



Other data structures :

Heaps are classic
-> Priority quere
-

You probably son bykeeps
:

For each

(This is

* are lessbuy
odclean

thoc

node's

X value

->

i 2i
->Litt



Next time?
More data structures !

· Fibonacci Heaps

· Van Ende Boas -> probably
-
a bit too long...6
Binomial heap

3
Amortized analysis TI



Negative edges :
Ne can still use Dijktra

idea,

but the problem is that things

can get "readded"
:

⑳⑫ C



Bellman-ford :
Relax edges for a

while

when every edge has been
relaxed

Stop -any path his length
at least once EV-1

If any
one is still fense :

-
you've

relaxed I 2 times !

-- L
Rundme : OCUE)

f



How to prove correctness ?

Notation:

Let disti (v) .:=

length of shortest stor pathunisG
any path

uses EF1
E
- V

, =-↳ovVz⑮
↑

-

s
-



Claim : Free
,
after Iterations of B-F)

-

dist(v) = dist(v)
-

S

Induction on I
-I iterations

B: i =0 : S = 0

all other
v
,
d)
D

IH After i-literations, all tentative-

guesses are div
(v) .

Es: Now consider:
built from a path ->>



-Fir)
soto

to to ...
-
-

↳ P edges dist(x)[di-i(x)
We know in round itC-VxeV.

Consider new in
nextround :

It was fense :

got shortes-

or not :

some-IH holds



Then :

Any simple path
uses =V-1

edges, sod()
= d (x).

The result :

Runtime:

O(V . ES



Shortest paths from
one source :

chre

O (Elog() If no resedges

O(VE) of negative

If no weights : BFS
OUTE



Il -.-x.. I
~ a-

-
outing MSSPs
itall pairs shortestComp path

First attempt : for each vortex v[ Run SSSP(u)

Bundre :O(x(g) I
-

· no negative edge weights , Dijkstra
was,

OElogV) -> OIVElogV)
· Bellman-Ford was O(VE)

T

-> O(viE) - O(VY)-

Can we do better? Yes'



sgurstonedges, are bod, whyc a
+C

Idea: increase all edge weights by
some amount ,

so all positive :

Doesn't work
- +4

N +
-
- +6+2 +

+7

#of edges is also
Why

additive : + (pathim) -C
leng



Another Idea (that works) :

Suppose each v has a price attached,

-anything⑭IStill have edge weights)-

-N) #(v)
IIa 0

U
w(eu) v T

Define a new function w's

w(n+ v) =π(u) +w(u
+v) -+(v)

A

- -
-

---

What happens to paths ?
-> god is
considentscale



Claim undo wi shortest paths are-
the some as under w.

Why? Consider 2 Suev paths :

(in original weights)
&
+)) uT#) -
o ↑ add

Tja
-x is weights:i
L Vz=Vy
R I

purple path after neweighting
((n)+w(+Vz)-)(it(s) + wis= vi)-))
+ X
-

-

HitVa)
X

(-H(vs))-

- +wOVztVs --
- Mblue poth #Hs) + lengI &

under
w

#(s) + length under w -H (v) -T(V)



Johnson's algorithm for MSSP :

use this new
kind of weight

function ! VE
-C

·Run Bellman-Ford once from some SEV

des orm
up.↳ no negative ey g-

Y

· Reweight (if it works) ·
Let #(v)= dist from sto

V
-

compute
via B-t=d(s,)

↓ w(u+v) = N(n) +
w(u-v) -H()

= dist(s, u) +w(u=v) - dist(s,v)



Claim : Under wis all welg
hts are =0

.

--

Why ?
use Dijkstra

No tense edges :
So---sod(s

,
u) + w(u+ v) --
-
> d(s

,v)
-not

Then H(u) = d(s,u)

#(v) = d(S , v)

& w(n- v) = <(s
,
n) +w(n+v) - d(s, v)
-O



So-Algorithmi
-

Runtime :

- OCVE)
E

not100
B-F
-T >VElogV

Compare to nave : OUE) = 0 (VI)



Can we get better?

Floyd-Warshall :
-
order vertices

1
, ...,
V + --Y

Let d(x, y,)
= ⑪--
-

L

best length path va
Overdos labeled 1... M
--

Ta -I c not use
vr

saths& Vi~ Vg via& ⑨

recursion
-
-

- USui ng only
⑭ -vertices

S neurStor-1)-



Recursion :

o -

--- -

--

->

!
-

3
use verter

don't use 7. r-1
w onlyVertex -⑪
om1 -

r

1 - r -

-
code>



Ou") Runtimes

-V matrices

O(v)

S
~D-

If it's better



Vr

-
vo

un


