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LP : Simplex,
& approximation



Simplex Setup
Each LP equality or inequality describes

a berplane in Id.

2d : axtby I
-> ↑ -

3d : axtby +czed -
↓

Ro : a
. X ,
+azxe+ - +aaXatC



What is our input?

Recall :

So d =

=

In our groceries/nutrition example
:



Vertices-
These happen when >d hyperplanes
meet in Id.

In R
-

Note:
Not every pair

will meet !

In3



Any 2 intersect
In a line.

Any 3 intersect

Cassuming not
·In a vertey

parallel) L

In IRA : d equations
d variables (E) one point



#side : When do they intersect, or
when do more than

↓ intersect ?

i 3
-

L=



Ifr : Pick a subset of inequalities
If there is a unique pont that satisfies
all with equality, a It is feasible↳ this is a vertex ofthe solution

When do we not hot a vertex?



Neighbors :

Since each vertex is specified by
d equations, we call any

two
-

that share d-1 of then neighbors :

2d :

.



Simplexalgorithm :

Find some vertex in the feasible
-

reg Ion

① Check If current vetex is optimal
② If not choose a neighbor that

gives a better score under
the

objective functionS
a return to 0 .



Finding a feasible
vertex :

Use another LP ! Ja dual one)

1

S
Note : in duals we're already
feasible .



How do we translate/rotate?

Rotation : a linear change of
basis

-

Pick Q sending
↑ TX 1 basis to theother .

Q is an invertible matrix : QQ"=I

Then X + QY =
maxX
St. Ax = b

New LP : max (atTy
sit . (AQ) y = to



Translate : move (a
,
b) over in IR

-

For each Xi
,
let

Yeve-4sa
Axeb => A(y+ p) = b
-



Back to primal :
Now we have a feasible

vertex.

How to iteratively make it better ?



Runtime :

Consider a vertex we with m

in equalities - d variables

How many possible neighbors ?

each removes Zegn + replaces
with another
--
> L do (m-d)

I

Checking If it is
a neighbor t is

-

feasible : basically dot product 2)
Guassian elimination .



So : each iteration IS

Edo(m-d) · [time for 6 .E]
&-

N

Can improve slightly :
just need one CTO + rescaling

toG is easy.

So can get to Omin)



How many
iterations

m + d inequalities =E 3 (Id)
any d give

a vertex
=(m+d)

So exponential in worst case .
(Remember, for a

while people
thought this might

be NP-Hard)
-

Klee & Minty gave examples in the TO'stime.
that actually takeponential ·



Can we avoid this by choosing the
"best" neighbor in our update?

No Ideal way !
-

Many proposed, but for almost

every
one,

there is some input-

polyhedron
that needs an

avots.
covertal number

of
I

ex-



Reading#2 : Approximadon

First : Integer line programming
Maximize IX

site A = b

Y =0

and xit (no+)

Variants : · Mixed
·

Binary



This is NP-Hard

Reduce From 3SAT:



Using this
for approximation :

·Build an
ILP for a problem.

"Relax" into an LP

↳ fractional answers

· Use these fractions somehow.



Vertex Cover :

· Each VEV has a weight on
· Goal : "Cover" edges using
minimum weig

ht possible .

Relax :
-



Now what?

Each1 has a value between

O and 1
.

For each edge Ur , Yu + Xv = 1.

Could flip cans

↳ but would we guarantee a cover?

Instead :



Note : For each edge , some endpoint
is It2-

So -> choose all v
with X:**

Cost? We know our LP cost

2 = EGXv is < opt.
V

Why?



Now ,
for each vertex chosen,

X = E
,
so 1 = 2x
.

Then mutiply by v's weight :

CuE2CuXv

Sum over all vis we chose
:

ZGE2utS

E2 .[caXu
all v



Set Cover : &

Felax !
ILP : >



Then : Include set M with probabilityI
Xn -> flip a based can !

Expected cost :

Problem : If we include with some

probability, might not cover

thing .

every



So : repeat !

Each time, expected cost isOPT.

Repeat log n
times :

Pr[s not covered in a round]
=P[no U containing s

was picked]
=I (l- Xn)
U containg s

- (EXy)
= Ne = C -

Le



Result :

With high probability ,
after

~ logn rounds,

we cover everyone
.

Cost : 1 (rounds)
· (cost per (round


