
Complexity& Algorithms , Spring'21

Linea

Programming



Reminders :

- HW due Friday
- Next HW

-> up
soon

-Nextreading
- 2 parts

-I'm out Friday,
back Monday



Motivating example
n foods m nutrients
- J

Let 9 : o = amount of nutrient i in food;S
ri = requirement of nutrienti + Eloom]
X : = amount of food j purchased
c;
= cost of food j , je[l , .., n)

Goal: Buy God so you satisfy nutrients↑
~

foodI buy,

while
minimizing

cost
--

What do we control ?
how much

Can view as matrix-



I -=
Cre

find- = (X , , ...,
Xn)

-

costs : C
= (C , .. . , (n)

cost CY +CX2
+ --. +CYn

So : minimize U
- - Eciyi

Sit
. satify nutritions :

i=1

AX1 +aXz
+ G

,Xy + --An -41

Atar
* = 0 #



In general , get systems like this :

V linea
-

Tcommit



To answer about higher dimensions :

A moment of honesty!

I'll draw 24+ 3d pictures
,
but most

I
of this works fine in Ad !



History
Dates back

to 1800's wherestudied by
Fourier-

M

1940's : serious study , dueBy
to business/optimization demand

- Not known to
be NP-Hord

-

Carp actually listed
it as key open

question in original paper
on

NP-Hordness)



Canonical form :

Avoid Inaving both 1 and I.

Why ? Simplifies algorithms.
-

So get something more like our first

example :
* Note : all cj , bis-

↓

- 7 nothers can
be + or -

-

Or, given a vertor -MatrixA &
rector J :

may EX-
st . A b
* I 8



Anything can be put intocanonical Formi

The reduction :
-

① Avad 1 : aX , + azXit
-
- +anXnFb

-

xH)-aix , -Ex ... E-b

② Avoid =: Gixithayat
:- tanYn =b

H +
2

- b
③ myX -> max - X

= b Jes



How could these not have a solution?
-

2 ways :
maximize X , +N2

sit
.

t ↑-4.--
infeasible ; unconstrained
- set of ↓
some boxconstants mean bonding
no exists



Better pictures (still 2-d) :

-

d



· -1 turns any maximization

a minimization One :

why? ~
~

~

② Can turn inequalities into equalities VI9

I slack
Y

variables : (not canonical form)- -

aixi xi +S = b50
Q : Why slack?

"

Learcy
"



Aside : Why linear
· Convexity : local optimum issues Look-

- ] getsX

timumLinear tersections are op& 14
- ment"

*Waseg ↓
-My

-

H⑧

· Complexity :

evenquadhcesas



o

t O

X ↓
( Yot·S-

fle) des
flow : assign-
Efle)

sit . max eout
ofS

Sit
. fin(v) = four (v) Vuerhasi[ - #St .

0 = (e) = Cle)



Modeling shortest paths
Use "tenseness" of an edge.

Recall : We say an edgeit is tense if
w(sv)- - dist(n) + w(u+v) dist(v)
M 2↳ dist(w)Sense mus

o U ne
so ↓w(u-v)f-dist(u) op

so e not tense =

dist(v) -distIn) [u)



So : dist(s) = 0 ↓dr=
LP [l Eno edge fense

S % *

-Ye,
dist(v)dist(n) E w(u- u)

dist va Ines !What the LP sets : theQ
Remember intial setup

in Dijkstra :

fu
,
dist (v) =S until justhese-increase have

x
barely edges

Note : Fr
,
d(u) =0 is actually feasible!
-
-

But is not distances.
①

3

maximization
-

E
-



Duality : A simple example-

↓ run a chocolate store, with
2 kinds :

-

· cheap -> sell for
$1 profit

· expensive
-> sell for $6 profit

I can sell up
to 400 a day .

X
,
+Y 2 = 400

My supplier
can only give me 200

of the cheap ones, & 300
of
X
,
1200

the fancy ones X 26300
10 they don't stay

fresh

Goal : maximize profit : IX1 + 60X2



Result : An LP to maximize profit.

LP : max x. + 6xz
-

sit.
X, 200

X
,

+ Xz3Xi,Xz = O-



Car we check that this is best ?
max

S .

-
X, = 200 C ① equation

I

X2 = 3
00 ② - equi

x , + x2 - 400
X1, Xz

? O

Play w/ inequalities :
① + 6:

Y ,
↳ 200

6xz = 1800

↳ y
+6x

2000



Interesting !
These 2 lities tell us that weInequa 3couldn't ever beat $2000.

-

But recall soln was $1900-
can we get a better combo ?

max x+ 6xz

S .

to
X
,
1200 ⑪ X0

XLE 300 ② S

x , +X21 400 ③ x1
X1, Xz

? O

Play = 0 .0 + S+ 1.

=> X ,
+6xz +1900Sye 1500

X, **2 = 400



certificate
Thesempaa -

↳ No valid solution can ever beat
$1900

But
-

how do we find these magic
values ??

In this, we had three "" inequalities
↳ so goal is to find

theright 3

Maesan
e



Multiplier Inequality
1-

Y
X X

,

- 206 eq

2

Yz
X X = 300 eq

3
2

Y3 X X ,
+ X2 = 400 eq

Result Y:· 4 2004 ,

Y2&24300 y2 &
Ys + Y3X2-400y3
-

Rewrite : Make left side look like the
-

orig inal
max/min goal , so right

will be an upper
bound



so here :

300y
+40

-

of = 200 y , + 300yz + 400y3

- bic if negative,Y1, Yz , Y3
=0

inequalities flip !If

: 3 bla original equ.32b

Any yes would give an upper
bound !

We want the best one
↳ le minimize another LP !



Duality recap
s .

[Max x+ 6xz
dual min 200y ,

+ 300
yz

X
,
! 200

XLE300 (7) sit.
+ 400y3

y , +X2-400 y, + y3
= !

X1, Xz
? O

Y2+ Y3 2
Y = Y2 Y310

Any solution to bottom is upper
bound

to top LP.
=> If we can find primal/duals
that are equal , both are OPT

#, 1900 : primal (x , x2) = 400 ,300)
Dual : (y . <42 , ys) = (0, 5, 1)[



S

Works for any LP :

primal dual
OPT OPT
- a
feasible feasible

primal
um dual

y
-

"The duality gap
1S

Fundamental Theorem :

gep
=0 for LPs



Ingeneral :
D LPrimal L#qual

max⑳x
onT

2
,
%
,

5
HX = 0 y

= 0

-



Limitsof LP :

Many things
areot LPs !

Ex Integer solutions:

LPs allow freations/decimals
⑧LILP

s

- NptHed
Gmany solvers

Ex: Quadratic or more complex
constraints

G distances inTh

d(x ,y)=2)Pr/y:-X.12
X



croaches could giveOften other apl
a better

runtime !

Ex: Shortest pathsv
Dijkstrai Elog

IP : O LP w/simplex alg.
V variables,

A

= is exponential S
,[P O

IS

&VE equations with"better algorithm
matrix multiply time
-EW-E2

..



#algorithm:Simple(Dantzg I

So
=no min

-

only I
- - z0 for all variables

corental in

-fest in practice, but extT
worst case I

Lee-Minty , 1973
: some

I

Icosiblepolytopes haveO(nL2)) vertices



Simplex
-

Take any
verter v in feasible region

while some neighbor v" 1S
better

V- VI

(Details locking !) R3

Step 1 : find a
vertex

1
take d·&hyperplanes C

- ↓



Any & hyperplanes give
averter:

Loop through m-d
others :

Eitherble for each

Or Not
↳Tuse this new hyperplane

#

⑧ D ·



Let's go
over that more carefully :

Each LP equality or inequality
describesaperplane
in Id.

23 :axby3d : axtby +czed
↓

Ro : a
. X ,
+azXe+ - +aaXa = C
-



Vertices-
These happen when >d hyperplanes
meet in Id.

In R
-

Note:
Not every pair

will meet !

In3



In a line.
Any 2 intersect

·Any 3 intersect

In a vertey

Cassuming not
parallel) L

In IRA : d equations
d variables (E) one point



Ifr : Pick a subset of inequalities
I

If there is a unique pont that satisfies
all with equality, ↓ It is feasible-↳ this is a vertex ofthe solution
-

-
tombrmove

Since each verter is specified by
d equations, we call any

two
-

that share d-1 of then neighbors :

* .
W



Simplexalgorithm :

In each stage, I tasks :

① Check If current vetex IS optimal
② If not choose a neighbor that

gives a better score under
the

objective function-
If v= the origin)
-Both are easy (see next slide)
-

If not at 8 :
-

/
translate·



CoLP: max + X

sit Ax = 5

⑮vi

IVote:RsC ISNow
,

8
infersehun of these hyperplanes-

↑

Optimal only if
all bi's as ne



Conversely :

If any >O ,
we can increase

the obj . function CTX
-

How? increase Xis CiXi > C

So : pick one a increase
How much

either ↳ or

C2 is positive
↳ when do weI get stude?

wher we fast
a line



Runtime :

Consider a vertex we with m

in equalities - d variables

How many possible neighbors ?

each removes Zegn + replaces
with another
--
> L do (m-d)

I

Checking If it is
a neighbor t is

-

feasible : basically dot product 2)
Guassian elimination .



So : each iteration IS

Edo(m-d) · [time for 6 .E]
&-

N

Can improve slightly :
just need one CTO + rescaling

toG is easy.

So can get to Omin)



How many
iterations

m + d inequalities =E 3 (Id)
any d give

a vertex
=(m+d)

So exponential in worst case .
(Remember, for a

while people
thought this might

be NP-Hard)
-

Klee & Minty gave examples in the TO'stime.
that actually takeponential ·



Can we avoid this by choosing the
"best" neighbor in our update?

No Ideal way !
-

Many proposed, but for almost

every
one,

there is some input-

polyhedron
that needs an

avots.
covertal number

of
I

ex-



Ellipsoid algorithm , Khachiyan 1979 r· (weakly) polynomal
time

-

⑧↳ dependent of precision
E G

· high level idea: compute smaller
o

smaller ellipses which contain
solution

Interior point Methods , Karmakar 1984
-

· More through polytope's infenor :

· Still weekly polynomial
·

but-practicall t
-

&



recently he (in 20 !)

This is a large a active
area of study :




