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4. A binomial tree of order k is defined recursively as follows:

e A binomial tree of order 0 is a single node.

e For all £ > 0, a binomial tree of order k consists of two binomial trees of order k — 1,
with the root of one tree connected as a new child of the root of the other. (See the
figure below.)

Prove the following claims:

(a) For all non-negative integers k, a binomial tree of order k has exactly 2¥ nodes.

(b) For all positive integers k, attaching a leaf to every node in a binomial tree of order k£ —1
results in a binomial tree of order k.

(c) For all non-negative integers k and d, a binomial tree of order k has exactly (f}) nodes
with depth d

o
" B

Binomial trees of order 0 through 5.
Top row: the recursive definition. Bottom row: the property claimed in part (b).
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Fibonacci trees of order 1 through 6. Light nodes have been promoted away; dark nodes are marked.
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