
Complexity +Algorithms, Spring 2016

Lots of heaps



Abstract data types, "template"
↑ date structe design :

highlevel,
a focused on

insert

7 operations -> delete

implementations ;

language specific



Rel : Priority Queues
11

contains objects,An abstract data type that
each having afey

· insert (obi)
Operations supported :

· find
_
min
(2

· deletemin (3)
In other words, more

limited than a

search tree ! !
Aside : or find May 3delete May
Could implement with 1

BST->



Atimplementa↳-
+O()

(
insert : easy ⑪optongetMin - swep

:

~

deleteMin : On) OD)
-

With Vector :Ginsent:o >11/1/1
With BST

:Insert , defete,
find : Oln)

ddo



#aps : one implementation , keeping "Perfect"
E binary free :

n
nodes ,wel bineythewhere

all leaves

⑮
are on

scre
level

↳ log,⑭ (-1)⑮ 9-
Fog, na

Insert (3) :
mode in "next" spot-

adds

re-order as need
in loop

until it is a heap again



⑮
⑭ *9
⑮
⑮G
PetMin: Ollogn)



#iceproperties: Height:
Number· Tloganvertices : /

⑮J
7

Layout/Space:

si
Left (v)= 2v + 1

lest

parent(v)= -1-

Right(v)=22



Addingoperationalso supports : decreaseley
Runtime: OClog-n)

↳ useinsert
delete "bubis

Note that this also gives us delete :

use other operations



Ather : Merge (H., H2) :

create a new heap with
all values

of H , THz

How? lett newNate⑤ reap
=
11⑭ ⑪
⑭

Runtime: Onlogn)
-> O(n) possible



BinomialHeap
Goal : Improve Merge

O(n) -> Pro)
at the "cost" of min

0x) -> Ogn)
[But really not!!]
Amortization : most are cheap

some take longer



# : Analtree
,
defined recursively :

Base case : 30.

Bi : two copies
of Biz

,
one root

connected as (new) child of the other

Pictur :

BoBBB
By

POOD
By



General pottern :

# : binomial free of order k

Bk-1

↳ IFu
⑪
I

Entresting



HWO question from previous
semester :

so size = 2 Nodes in Bis



Height of B(4) :/

·d. which is biggest

mdest
k children

so H(k) = 1 + H(k-1)
= 1+ 1t H(k-2)

= k

In terms of # of nodes : Bu has I need
↓ height

k

If n =2
, height

= logah



BomtapImHeparent
(for all nodes)

· But : this is a collection of
binomial frees ,

with at most 1 of each size
-

so : one Bo ⑬one B
,

one B2

one.

"

Bi (some is

Index via a linked list
sorted by

degree O .. i-



List in orange trees
in blue

↑

·
17
E By
-

⑪note : no B
,
or By in this example)

length of list (in terms
of of modes) :

n nodes -> children logan
2 K



Howsearch :

Look at the roots & take mir

Runtime : Ollogah) time
11 per

roof)

But : can keepglobal ptr to minimum
I just need

to update it as you go)

↳ Runtime : O(1) to follow umpfr

Update?



Union (H,,Hz)- mic-
d Hi
Xeno

↑* Heap 1

minS↓
&00 &ooo... Hz

↳ DWW Heap
2

natural idea :

combinethe
lists of roots



Problem : Merged list :

Could have

->
20a

In H ,

- inte

2 of same size -

Nice trick : combine them !
F

putsmal
a

top ↳
u

now :

Birt



More detail :

for i 0 to length of merged list :

If no nodes of degree ?:
-

If I mode of degree i

~

If 2nodesof degree never mode of degit
If 3 modes of degreei

combine 2 of them
into

dog it1



Runtime of merge :

each internal merge : OG) time

find min

↳ add pr

Overal : Ollogen)



Insert (x, H)
create a new binomial heap

(size 1)

= o (size 1 list)

Bo

Merge with H : 0 Ologe n)

(keep panter to global min)

Runtime : Worst case: OClogcn)

But : amortized insert is O(1) time !

accounting method



Why insert is faster :

Suppose we do n inserts, a consider

a merge
inside our loop :

If no Bo : O(1) time

If Bo . o. Bi exist
,

a Bit does not :

O(i) , butafter there
is no Bo - Bi

00-g

Accounting method
:

n inserts boy for expensive
operation



EactMin() :
Delete

we delete root of some
Bi

Say lobal
Y
g min ptr

00⑮
-

-: Bi is what ?Recall -· & if we delete root :

⑭--



So : flip children of root in Bi
- !
- - ...-

- : fromhildrenBo Bi Bit

Make a heap from these
a marge

with

rest of the heap
-

Runtme:ogen)



&

binomial heapResult:

getmin Nogn)-> O()

Insert OClogah) OllogzamortizedIl Cu/pointer

If n inserts

removeMin OClogan) Ollogan)
decreasekey OClogan) Ollogen)
delete Ollogen) Ollogen)
union O(n) O(login)
(adds overhead to others, but

only OCK)

Onlydownsides: constants a overhead



However, there is anyon algorithm that
needs decreaseKey often

:graphs !

E: Dijkstra on a graph 6 =(V,E)

Loop--
keeps a current

best distance to each

Vertex(initially S=0, other
v=c)

Pops minof heap,dupdates anyletter path
↳ decreaseKey



So a new goo :
Improve decreasekey , by whatevermeansa
A first attempt :

What if we just used
. ·mn

· insert
·

merge

Missing :
decreasekey,

deleteMindelete

Can we do something simple?



Linked -min
List
Mini

Union/
Insert : 6

&Merge : -min
L

IS⑭
But : decreasekey ?



EbonacciHeaps : "Lazy binomial heaps"

start with

a
binomialheap
Ebonacci keep :
relax the structure,

a Blog
all1 of each in
no set order

mic

E :

Be Bo Bo B2datato
o Bod ·I⑫ 2 &



totatoto
· d⑬
S

Functions
-

· insert : easy-add new
Bo Old

·get Min : follow
ph

· marge/union : OD)

deleteMin a decreesekey : a but hander !
-



DeleteMin() :

pay
for laziness !

· Delete the min
· Set child's parent ptr

to NULL

=> Now 2 Fib . keeps
· Link the two lists

.

(Now lo of bin. trees, unordered

· Sweep + clean up, so
11 of each size

morImin↓oto
· d⑬
S



Sweep + clean up, so
11 of each size

Like union/mage, but worse!

(No3, not in order
-

· traverse root list (update min if needed)

· If conflict
, marged update
C

L
min

I=& ⑧

b
000

&

By S B% ⑬



Runtime : Ooflistbefore deleting)
-

Y +Ollogen)
# Inserts

Why ? · traverse list
-

-

· each gets merged
1 time
-

Other it is a child)



Amortized analysis :
· root list size starts= O a reset

to logan
after delete in call

· with each insert:

gets one longer
so-> have insertpay

+1
-

=>login)
amortized



Preaskey If vis value decreases ,
more it to root list

Cupdate min if needed)

Problem : Not a binomial tree !
-

/min
dB .i --yminb

S

iso : mark vs b

parent G



If already marked :
More parent's subtrees up

to root

list
,
a unwark
-

Move up
free 12 more as long as

marked)

Runtime: OC1+ marked ancestors of v)

= O(depth (v)



Problem: Not a binomial free list!
If it were , depth logh

Here
, parts could

be missing :

(a)=
1

-

O
⑳

-4) =2

Most we can
remove without triggering

cascade of promotions .

(Note : Ebonacci #s !)



Potential function
# marked consecutive#(v) = ancestors of v

+1 : more vWhen promote one
, markRestor
-

When promote k,-
time for op = t

+#(v)
--

after op,opotuagoesdoances
↑

Result : cancel



Rubinefor Fib
. Leaps :

Min

Insert 3O(1) SMerge/Union
-

& O(n) worst
DecreaseKey O(l) amortized-
-
->

delete Min : o(n) worst

- Ollogn) aed
↓ Dijkstra:works well


