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-taphh 6 = (V,E) is an ordered pair of a sets :

v = valices = Eve ...,5 NorV
-

E = edges = EquB)yreU] unordered

We often draw them
,

but they do not-
come with coordinates

1

I



Definitions : S

-

- Vertices (nodes) , V
- Edges, E
- endpants of an edge etE : e

=ur

- heada tall orderet pair
↳
u+ v or (u,vF(v>u)

- simple :

no parallel edges or 1-edge loops
-
O-X

- adjacent : two verdes now are adj if weE
- degree(v)#

of adjacent vertices
&

- predecessor J successor
S T succe->predete e V

-

indegree a
outdegree If

directed :Ny
-->->O
-x



1 : VEV , EEMore ! genera st . all endpts of edges
in

- - Ela in VI
· Sub grap

h
- induced : fixset of V Tol edge

& all possi· Walk Es Ve
,Viezv - -- take those vertisSit. ei= Ev vis Using

· Path : no repected vertices or edges
Note : If you

have a walk um V can

Um vimvire v
make a path. How

? X-petition
· connected : Yu,

veV
,
7 a utor rel Conduction)path

· closed : end at start vertex

· cycle : path except
Aturtex = last

· free : acyclic 2 suffice
connected 3 any
n-1 edges
u



First : some "easy" bounds

- I for simpleo undirectedLemma Elv graphs .
f no loops

or parallel edges, so at
most each par

of vertices get one edge
vo(V+)

IE1-(2)== F=Ove
Lemma · [d(v) = 2E "Handshaking
-

lemme"

proof: ⑭ =2.My(v .) + d(re) +- d(vn)

- etE
In thisSum, every
spears twice : #1 for v
al
e=uv #1 for u

= 2xedges D



#rstquestiondon't do well with images !
-

So pictures won't help them.

We need to store this info (somehow) :
-

Ideas from data structures :

· lists
· rectors 3 tradeoffs !
· hish tables

· trees
o ----



Aacency (or vertex) lists
E 5) Ed(vi) E

V : VrVs

U2 : Vi ,Vg ,Vs
Ed(a)

Vz :

Vy :
i ·

Y r
(

Vs :

Vo ·

Size: V + Ed(v) = O(V
+E)

#ZE

Lookup : time to check ureE :
O(v)

cost to lookup in worv's list
time to loop overallnughbors

o



Implementaona data structures!

Could use : ats for each verter

array-
based

: ODogn)
lookupnot o(n)

But : Slow
&

insertion

linked; O
q

lookup : 0(n)#insertion : O()



AdjacencyMatrix

·
space : O(n2)
check ubr : O(i)

loop over neighbors : O(n)
(not O(d(r))



Implementation :
More data structures

!

f
I b

update : O() edgeIf add



Which is better?
-

Depends !

↳
Here : ass -



Really- might depend on input
-size of graph

↑

- freg of changes
- representation : usually

, some

"Word problem" is handed
to you !

You'll have to build thegraph
circles

,
find

Ex : Given a set of overlapping2 intersect :
the largest set where

no

O Build G
↳⑳ ind set!



Even more :
-

-Space available
- language used
- previous "legacy" code
- other developers.

%
&

To reiterate : ↓



GraphSearching
How can we tell if 2 vertices are connected ?

Remember the computer only has : I
IS I connected to a ?

Biggerquestion : can we tell if at the vertices

are in a single connected component ?



Possibly you saw depth first search (DFS)
an
a breadth first search (BFS)
in date structures :

%"bag ustack
or queue

These are essentially just search strategies :
How can we decide if u +v are connected?

WFS(u)
check if v is marked atend.



Can use this to build a
tanningtree

:

↓↓

- &

-

BFS : use a queue
:

-

-P Quere:l,Tree : 9 ⑧

↑
D ⑨

paent(b)=
c

Ca
, e) , (b , a) ,(b,

el,
(b
,
f)
,
(p
, c)



DFS : use a stack
↳ ↓ ↓

tree of
I steck :

ed
9

a), (a ,
b)
,
lay)

↑ (e
, a), (e,

b)
, f),

W
O

(g) , (h),)



Just rememberfeent !

X

DFS: BES:

All non-free All non-tree
&Na

edges must edges musti connect a connect vertices
vortex to an either attheIancestor in same level, or

the tree 1 level apart



Correctness :
-

Claim : WFS will mark all
-

reachable votices. (from s)

If : induction on distance to the source :

d =0 : kow wemark s -
-

Base case

d30 : Consider v at distance d in
G
,
so

-
5 --VzVVd
-

d edges

B mark all vertices at distance
d -1

When Val marked, added vo to

sleckor quee -> will bemarked
before

bag
is empty



Runtime :
-

stack on grave
: O()

· Each vertex can be
added to

E Thek d(v) times

bag
· each vertex S worked once

↳ OCUTE) or Olmin)



&

-
dv's + parents form aClaim marke

tree
·

proof O
spanning. parent aray

- OV )

C W
For each marked Vertex :

add a singleparentI
except for Source

=> N-1 edges in this graph
If G is connected ,

mak every
verley

=> tree,



In a disconnected graph :

Often want to count or label the

components of the graph.

(WFS(v) will only visit the piece
visited thatv belongs to .)

O
V

-
Solution : unmark all verhs

While some v is
unmarked

WFS(v)



Modification : Might want to count the
#

of connected components &
counte2
&↓

& ⑳C
↳

ConnectedOUTE)
to m?



Finally , can even record which component
each verter belongs to :

Comp
-

&
-

-(
check if v 1 1 12 2

UIS connected
111 2

to v :

is compfu)
1 2

= compu ?
I


