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Flows :

algorithms ↑
Applications
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Computing Flows -maxfo
a

u

Ford-Fulkerson : O(E)
·)
-

↑compute any augmenting path
in Ge

a push flow
When no paths in Ge from slot,

↳ must have
a cut !

Cuse Go to find
it)

[Since any flow
- any

cut,
we've hit the max]



Edmunds- Korp : Cake =)

In 67
,

find the largest possiblemine

augmenting path oz
↳ largest "bottleneck"

:

max ne]E
paths Pist

How? Variant of MST
. -> ElogV

And each round, flow increasesby
=>OCElogV · (Elnay repetitionstimeto -

find
P



any firEK algorithm#2 lavad runme)
-

Choose path with
fewest edges

E↳ BFS ! So :

-

Each time :

·
O

flow saturates some on level (n)

edge on path
- Heweck

↳ edge is reversed
in next residual⑰Aval

a

graph .

S

↳ G BFStel
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So ,
round i : u- V

round it : v-> (Clevels goup)

if it ever

Before in Ge reappears
:

X we must have
10 -> level(n) re-flipped vou,

H so v -u

iLeet-level I level ;(u)rely (v+ 1

-Ge
= levels (v) + 1

ot
2 level

,
(v))+2



In other words :

time an edge ISEveryresaturated, level goes
+2

.up
On V levelsly paths
total
# of augmenting

is < Er *
In all Iterations

Runtime :
#repotov) iteration : O(V+E)
time per loop

=> OCEv]



And ... not done !

Many use
- LPs

voy different

s techniques

#
-

FF : O (iv+E)f) -> Best
- linear programming known !
-complex data structures

- not residual graphs
-



Still active :

-

-

-

Plus work for special classes of graphs :
Planar , sparse , etc.



Tin Ch . 11

A mess of different
ideas ! Reductions

to① Matchings : IdentifyawayItems
BuildG': More pairs- larger flow

&

⑫ Disjoint paths :

Modif 6 :
Find caths that avoid each other.

I via a flow in modded 6

③ "Tuple"Selection
Build a graph : flow paths give selection

Magic : May flows always give
solution



stproblemre want non-interedding paths fromstot?

Two variants ; ↓

-

- Edge disjoint : No 2 paths visit the
I 11

S
same edge

I &

S
[

Y &
I

- Vertex disjoint : no 2 paths visit the same
verfell

Note: different ! And both model useful
cases



key Idea for both :

Transform into flow graphs.

Then
,
decompose

flow into

paths (see
Ch

.

10).
7

fout

-

Note : Reductions !
F
-

Input -> Flow
network

graph
G G



Edgedisjoint :
hted directed graph G

= (V
,
E)

Input:unwelt eV.
For each edge ei:

· give it cle)
=1.

OIE)

↳ flow paths
"use up" edge e

run May flow on 6
"

# paths = value(f) OIVE)
f=1 fle) = 1 -floo o-> fleb
- XtEso-



Correctness : Since all flows are integral,
-

↓ capacity of every edge
is -I

=> no edge will be in 2 paths .

Therefore , we
have a set of

K disjoint paths
ES there is a flow

of Value K.

Since we find largestflow
=> get max # of paths



Runtime :

Build 6' : OCETV)

flow in 6 : Orin O(VE)

Convert to soln in 6:
3

O(E)



q Gdisjointsa
y +1

graph
5 :

↓ 3
-

V(8) = 2 copies of each
veV(6) : Vin

,
Yout

-

Ve=uveE(6) : build Yout -> Vin

E(E)= VreV
,
build edge Vin-> Vout

Add capacity =1 to each edge Sout
tin

f Maxflow (E ,
Sin

.

Your
with flow -1,

For each edge S-V = zu E =
ve

-

starttrans Poth .

Runtime : OCE +V tobuild
Orlin : O(E)=



Correctness i
-

Consider max flow f :

Any flow path that
enters Un will ext Vout,

so f(vn+ Vout) =1= C (Vin-Vout)
saths

↳ Flow decompses into
which visit each verter tire

.

So : Flow of value Is in
G

L k verter disjoint
paths in 6.



Stepback :
reductions again

!

In these examples, algorithm
is

usually :

*Build 5 from input
Run max flow

Correctness :
flow of

solution to El value k
-

problem
In 6input1



BpudteGrasswhere voices can be divided
into 2 sets Cusually LaR)

St
.
no edges exist inside

LorR

:

Maximum matching :
And edges
(no 2 edges
pervortex)

↓



Instead
,
use flows :

Convert 6 to J :

G T 1)
FF
,:f)& U

↑ gl OESV)
-

Bild 5 : V = s + +
+L + R

E = sev , VrtL
u- t

,
FuER

VezurEE
,
utL ,veR ,

U-V

a capacities : all =1



#orithm: GrenYObipartite) verkes

/Ibuild E Vedges
(see last

Slide)

O(V+E) to build

I run flow

-F Max Flow (E) ovE)
= O(VE)

Yget matching Iff(e)=I, add to- neLaVER,Yuv , matching O(E)

Runtime : ODVE)



Correctness :
6 of
sizek-

① Any matching in
E flow in Gofvalik

Gen matchingM ,
build the flow

② Any flow in T = matching in G

Given flowf
,

build a matching M :
M

L-R w/flow =1, in matching

= max flow E max matching



Aside : How??

(FF is somehow improving
matching...)

↓

t6 i
=

na
⑫
so E

-- Gf
do

Asidea
Augmenting paths better



Crazier "word problem" examples
-

A company
sells k products, ↓ keeps
records on customers.

to send to n

Goal : Design a surveyget feed backcustomers,

· Each Customer's survey
shouldn't be

too long , I should
ask only about

products they purchased
· Each product needs some # of

reviews from different
customers



Input : - k products :
-n customers

-records of who bought what :

aij for
Eck

, jen

- For each customer, C : is may #

to ask them aboutof products C(l .. n]
- for each product, piis minimum

# of reviews needed. P[1 .. k]

How to design ? flows !



Algorithm: Input : ([l ..n]
*of asksmay

P[1 ..k]eof reviews
-

neededE A[1 . n][1 .../]W customerspurchased
- ↑

Buld J : (picture first)
Sproduct i

↳ ↓ R
customes ducts &

↓
1
.
on prolo

.
k

GiB · V
,

U
① PEBu/may

- -C[2] · Vz
- tSo

& VA
· Un Upo



feRun Mayflow(6)
Ki

If val(f) = [P(k]

Eyes:sign Survey
Orlin

↓

Runtime; O(VE)
= O((k+n)(nk)

V = 2 + k + n

Entk +n Supper bound
for
Lt12
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I · 1->↳Y* It
room time


