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Max Flow-
Min Cut



A flow is a function f :EtFree f(e)->
is the amount of flow going over edge e

Must satisfy 2 things

( Edge constraints : 0[f(e) = <(e)
Vertex constrants : VV , [f(e)
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E
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Note: Ex G
,
with C :E-It.

There are many
flows :

-

f :

f=
O

Goal : makeI big



An Sent is a partitor of the
vertices into 2 sets

,
S andT

,
so that

15
· seS
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· t =T A
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,·SuT = V
The capacity of a out is [clur)utE

-

with neS
,
vel
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Not unique
!IIntotal



Ca : Not always obvious !

Goal : Minimize
the value
of out



Thm : (Ford- Fulkerson'54
,
Elias-Fenstein- Shannon'56)

-

The max flow value
= min cut value

I
Wow I

-
-

Oeway is easy
:

Any flowany cut
.
T

S

-
Why!

O
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=·- this cut



More formally

O

-

-

-

↳ Slower?



More carefully : O

Choose flow -> ↓ cut
(S
,
T) Il

-

valuelf) = Sf(s) = [f(s) -Ef
Sen - four (s)

-

fin(s)⑭then
,
since flow in= flow

out fort

all vf sort, fin (v)
= fourlvs

-
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=sstved-EE flucves .wes
-

To- -

⑳tow If weS
,
know wethen

(because It's a cut!)

= EEflvzr)-E2 +(wev)

ves watveSineT -

-

m
= 0

so [Ef(u-w) ↓ flow <Cap
veS weT

-> Eve
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Ktool in proof : for other way
basedResidual network Gf :

2
6,
On
f

flowf - T

O O

Intuitively : Shows how much more

Cor less) flow can be pushed
through an edge. C-f
flo -

- O &- -
--
f



Note: Every o gives
a differentG !

fr: Ez :

M

Gft : Ger :

- O



Why can't we just be greedy
t

push?

2018 /10 Gf
S O ↓O t·tosoto

Can get "stuck" if we
choose

wrong initially :
Are there anymore

flow paths?
Y
No



More formally : Residual network Gy :

Set Vertices of Gf
=

Given G a f : v(G)

= O

-
IS In E

could send f(u= v) If veU is in Er
more

7- -

: Of flow

E
- f(u=v) If nev

couldSedge otherwise
- unsend

"

Cor O

flow Of
capacity - O
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Augmenting a path : send
more!

Gf

This is just an set path in Gf.

Then
,
find min capacity edge on that

path
Claim I can build a new flow-

whose value is bigger thant's



Next : Show that can get them equal.
-

How?

Well
,
take some flow .

Ether :

① f is maximum .

If so
,
find a cut of the some

volue
.

any flow
any
at

② Or
,

it isn't !

↳Find a bigger flow.



CathAugmenting al
Suppose there is a path in Of

from S to t

X
O S

Build fo : fo ↳↓ 6 V
Ex

&Wo
-

i U-



More formally, given path PEGf-
with bottleneck F=C : t

- -so
6 If -D :

Vo f = unchanged : -Cur)
= flur)

no If uP andG
Sh %

8 S
-

"

-

no f(w) = f(wt)+ C
Send - =>

more If EP and v EG :

> f(in) =f (in)
- c

&
sendless "unsend"



Cam: -' is also
,

a feasible flow!
e a votex constraints :

Why ? Need edg
-

-

Edge· For n-> v not on

angenting path,

f'Intu)= f(utv)
=cluev
-

· For nev on augmenting path, on pathedge ↑

If neve 6 : took min Cap
-
f(u-v)--

(n+v)
T clutv)

Cf
f'(nev)= fith +

bottleneck

If vene6 : C(n=y = f(v
- n)

- bottlerea
Softu) = 0



And vertex constraints : "

Consider v :

Ifnoon path : ~

Xux
-> ⑧
->If on path in Gg : +e X+
c

-

In 6 :
-C↓ +C Eot->-

E
.



Claim If f is a maximum flow ,
-

i

xth
.the Ge has no augmentingA
-

Pot : by contraction

Assumef is maximum.
-

Build Ge a find path.

Use this path a bigger flow
fi

=> I couldn'tbe
maximum!

D



So: I wasn't a may flow, Since f

is larger.
On other hand :

If Gf has no set path, find

ISl = set of Vertices that s can reach

&: (S, V-S) is a cut.
G f Se V-S edge to

its
uses every either

at
max capacity) Of are - may

Why ? Y
in

v -s
= 1 cop

⑧ O orgocreateS- · t

--



Immediate Algorithm :

O(fP(v+E)
Start with f= 0. Yflaw

value

Build Go mot
now many

WES(G+, 5) +
olvrE) O times

While to s in same component :)
find -+ path via WFS O(v)

Angement along the path toJolv ourE)
get f " 3f =f t O)

Build G
EOCED

WFS (Gf , s) OlvrE)-/Runtime?-



Why all this integrality stuff?
We are assuming each path pushes at

least 1 more unit of flow !

Can it be that bad?

Yes :

How "big" is f?
(Remember

,
not part of input)



Faster versions
-~

This is an active area of
research !

-

We'll see two
faster examples,

both (relatively) simple variations

on the Ford-Fulkerson elgorithm :

① Edmonds-Karp : choose largest bottleneckedge
↳ OE2logElog(f

*

1)

② shortest augmenting. Path (fewest edges)
↳ OVER)



Edmonds-Karp :

-

Largest bottleneck : how?

Take Ge :

Grow a tree from s adding largest edge outC &each time
↳ similar to shortest

Runtimee pate intuition
.

-



K
#Flow(6) :
Let f(e) =0 initially Ve
Construct Of Replace

:

1
while there is#->inLet p be a
f't L

↑

f Augment (f , p)
et p be the

- updateOf largest bottleneck
return f path

#of repetitions in loop ?
In FF

,
went down by =1.

Here ? Hopefully better !

Key : look at current for



# loop repetitions :
S

Consider current flow :

-

Residual graph : Also a flow graph !

Let f'be max flow: in Ge.

Ge has -flow
,
& at most Epaths

from stot

=> one of them is big:
↳



So : adds? to flow

=> next residual graph will have

= (l-E)f' in it.
↳ (1-** repetitions

What is I ?

Well
,
c= Eln+* repetitions,

(l-E)ef* 1
Wait: 1 ??

~



E-

#Flow(6) :
Let f(e) =0 initially Ve
Construct Of Replace

:

·et p be the

updateOf largest bottleneck
return f path

↑

find bottleneck :

a # iterations :



↑

Shortestpaths Let p
= shortest

--2E (6) : set path
Let fle) =0 initially Ve # edges, notConstruct Of

while there is set path in Of capacities)Tmets, ps
st panLet

P be asimple
f't

-

updateGf
return f

Which traversal ?



Q times do
- How many S

we need a pathetitionsCie : how many I
of the while loop?)

It
Think of Gf , + the BFS

-

Afree rooted at So

what changes afterwe push
How ?

·



Let Go = initial f

↓ Gi = residugraph afterop

Gi has a BFS tree Ti , so let

level ; (v) = depth in tree

(Note : once s
can't reach t, BFS tree

:

then level (t) = C.) Ti : s
V
. V2

V3 Ny



Claim levels only get get bigger&--
14 each round.

proof : induction on
level . (fix i)

base case : S (level O)
, always skys 20

-

#: consider
levels K in Gi

.

for any
such u on level EK,

levels, (u) = leveliku)



IS: now take v on level k+ 1 of Gi :

Must be a path Sur

takei just before
von

Now : how did we et this&
oath

g
path in Gi ?



Cont :
- nev is an edge in Gi-1

leveli (v) levels ,
(n)+ 1

- might have come from pushing in Gir :

here
,

it came from pushing a
shortest

path in
the last round,
-

so vesu was used last
round.



Then : Edges candisappear&

How many times ?

Go Gi+ / Gg If level
S S goes up

↳
---

T2i after-
Singer! I (v)

U I 2 rounds

vo level (v) !
V

t

S

I ·

E got bigger



Fu each iteration of the loop-
some edge disappears !

=> E . E repetitions
Total : Let p

= shortest

MAX Flow (6) :

3
set path

Let fle) =0 Ve (
Construct Of

initially # edges, not

while there is set path in Of# capacities)
f Let

p be asimple#ngment (f ,p).s
t path])f't

updateGf
return f



And ... not done !

Many use
voy different

techniques

&

- linear programming
-complex data structures

- not residual graphs
-



Still active :

Plus work for special classes of graphs :
Planar , sparse , etc.




