
Complexity & Algorithms-Spring '26

FFTs



Recap-
Next topic :

Flows & bipartite matchings

Tuesday -
2 parts

theory aclass
Thursday : applications



FeFormerTranson
e

polynomed of deg=n :

n - 1

+
...

of A COD

1) p(x) = an-
X Go

Store : coefficients A[o .. n- 1]
-> evalute?

2) p(x)= ( - r)d
-

R[0 ..

n+] no
store : h

3) Samples
: (X0

, p(x)), .... (Xn-x P(xnt)
"Yo "in-

P(X) is unique n-deg poly through thesepoints



A(x) - B(x) = C(x)

Opechonswith coefe : Ci=aith)
·with roots : ??

· with samples : O(r)

Multiply :
· with coefs : ((n)
· with roots : Oln)

O(n)
· with samples : take In sampe

of

each · A(xo) ·B(xo) = ((o) -> (Xo ,A.B(xo)
-



Converting-
O Roots are hard !

Factoring
roots is impossible :

even
for deg = 5 , no "easy"

formula

· So : coeficients and samples
are left.

Conversion time? O(n3)



Final setup :

O

⑭
⑭
=
o

(
Conversion takes O(n2) time,
Vla Vandermonde matrix :

-
samples Coeffs

z↳



Status :

Coef)
. rep . multiply :

coeff rep.

-> ((x)=A(x) : A[o . n- 0(nz)# #B(x) : Bo ..

n -1] CT0,2n-2]

·

Ison

v Problem ? a less

thou
nt

Samp↳ rep samples :

C -. (zn
,
Yzn)A : Xo

,
Yo =

B : (Xo
,Yo)- - (Xun

,Yen)~)*



Sadly, conversion takes
O(nz) time.

-da = viYV = y
CV &V take O(n) but can

precompute if we fix polynomials)

Goal : Faster !

How? Pick better X : values,

So can divide a conquer
.



Divide & Conquer :
n

- 2

p(x) = an - ,
X
*"

+ an - 2Xn + ... + a
,
X +90

-
=

Break It up :

dog Peren(y)= 90 + Gy +Gt-a
W-z

rk
des Podd(y) = an+ azy

+Agy"+ ---an
-squared

Then) = Peren (x2)
+ X : Poad(x2)



Collapsing set X
of size n :

·(x1 = 1

· or X = SRxeX] is size "
-

- is collapsing
-- x = 25]

so examples :
· X = 51] bydh

X= z[xi(XtX]
· X= [1 , -13 . Why?

=G12, (11)= 51]
· X =51. Why?
-

X=Eth, [12= 51
,

1-151] = [11]



More generally :

Fix n , a
Some collapsable set X

of size n with no
OEX.

Then : M = S** /x+X3
=

is collapsible &
size In.

So : X1= 51]

Xz = 31 , -1)

X=]

=S1- 1, , ,]



What is Xu ? ↳Roots of unity : -
- i

X= []
Y = 51 -13 ·Xy = [1, 11,i,2)
Y =Si,

~,-



Why ?? Back
to p(x) :

p(x) = Deven(x) + X. Pode (X
:)

↑ Edeg(Y)deg"/2
Let X be our samples, s.

t
. (in

& is collapsing .

Then :

-

· we know X
-> size12

·Speven (x2)(x +Xz = /

·Spode(x2) (xzX] = We



Then : For each XEX , compute sample

#(x) = peven
(x2) + X . Poda (**)
-

Runtime : T(n) =2)+O(n)
↳ Pt rep in Orlogh)

Result: [p(x)/xeY]
d IX) =n



Back to roots of unity :

Too many square rooteth rookso
zitn o

0
o

Let Wn = e O a

&

=cos(is) C ·
O O

000

Then W =

cos() + isin()
N

= eztlyn



Why ?

They are collapsing !

Power of k = moving
k "angles'"

of we along the circle.

4th roots
3
1
I

O 4248
37

&56
I



So here :

Sample polynomial P(X)
at

nth roots of unity
.

=> array PCO ..

n -1]

where P(i] = plu)

#I, PPAP.



Runtime : nideyofpoly
T(r) ecoefficient input Tn)

= 2T()
time +O(n)

- U is Pever
S

= Vis Podd

( (20T() :
U is

samplept repsamples of Peven
P(xi)= Peren (x*)

vi2ample pt
= ) XiPodd(yi) for Podd

↓ ↓/2

P
I
sample point rep is the output



So result : assuming
n=2 it
out

Coef)
. rep .

X
coeff rep.

A(x) : A[0 .

n-i]Y)((x)=#
1 :

#B(x) : Bo ..

n-1] CT0,2n-2]

S
0(nz)

samples :
oulogne( Sample rep multiply ; (Xo , ((Xo))

C -. (zn
,
Yzn)A : Xo

,
Yo - =* #B : (Xo
,Yo) -- (Xzn

,Yin) O(n) (Xzn
,
C(X2))



n= . *

it
& n - 1

-
↳ Peuer*FPodd#FT

↳ combined



More generally :
of 2,n mightnotbepora higher.

So : Let=q + P(x):aioX
i

- i=0
-

Loefs : P.0 ... n-1]--
-

RewriteYanThen ; FFTon the
columns
--

↑ then the rows-



Rundme :
-

D T(n)+(p)
/7 + pT(g)

D to(n)
Y C works!

Result : 0(n log n)



Nice Circuit view :

-

T
-

- Peuer

h
unboxing
rec

fairy



Not quite done:

Still needtogofromsampleealments
Coef)

. rep . multiply :

coeff rep.

AAC# 0(nz) #CT0,2n-2]

previously↓ Onlogn) O(n)
ZA-

Y

Sample rep samples :

C -. (zn
,
Yzn)A : Xo

,
Yo - =* mupy)B : (X0
,Yo) -- (Xun

,Yin)



What is our V matrix?

improvethings !Maybe we can

-

↑
These are all

roots of unity : S



Previously : u
Slow

v = [a]-=== [a]-

Cool fect : If t is roots of unity,

Sarib-
-

Where the bar is complex conjugation:
-

atbi
--abiHere : Wh



Why does this
matter?

Can compute VI, treverse
the FFT!

-

O(n)
↳ rop

-samp

> Tr) =
25(r(z)
+ O(n)

O
↓ coefts



add
End result :

mult
eral I

coeff rep.Coef)
. rep .

Addin ((x)=A(x) : A[o . n- O(n)# #B(x) : Bo ..

n -1] evel
CT0,2n-2]

↓ Onlogn) Don
Sample rep* mus)C -. (zn

,
Yzn)A : Xo

,
Yo - =

B : (X0
,Yo) -- (Xun

,Yin)



M

Next time :reading
-

Given C directed graph with two designatedvertices, S andt

Each edge is
given a capacity ((e). 30

Assume : - No edges enter S
- No edges leave t·-> T↓- Every ((e) L

Max flow : Find most+ can send from
-

s to t without exceeding edge
capacities.

Min cut: find lightest set of edges
separating s from t



A flow is a function f : E-IR+
,

where fle)
->

is the amount of flow going over edge e
Must satisfy 2 things

( Edge constraints : 0[f(e) = <(e)
Vertex constrants : VV , [f(e)

X

E
Sit ener =Efla

- Value(f) =

C ↳
( fle)

2=Stv

=Efle)
e=u+t



Note on notation a conventions :

f

floyxicity
Cal

A flow is a function
on edges!

(so are capacities)
Assume both are positive !

(so vertex constraints
makesense)



An Sent is a partitor of the
vertices into 2 sets

,
S andT

,
so that

15
· seS

->
· t =T A
· SuT = O

,

SuT = V·
The capacity of a out is [clur)utE

-

with neS
,
vel

#outs : 22
- -



Magic : (duality)

valueofflow
=> capcalta


