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Endof lower bounds
FFTs



Lower bounds
-

Let's consider another problem :

Given the adjacency matrix for a

graph , how hard is connectivity
?

Previously :
we saw algorithm

ODFS or
BES : OCUTE)
-(e)

↳ checksIll edges

Here , a
different notion :

How many edges
do weneed to

V

check? Adm



Want worstruntime of the best

algorithms
which I'll call P(n) :

D(n) = min max
TCA

where TA ,6) = # of
bits of

G's ady matrix

n
=
V n

=
V

that A
uses

6 = m. Note :
-

DFS/BFS
If v ,vs I D check all (2)
isage un entres.



A method for lower bounds :

Consider a small "proof" or "certificate ."

Here
,
what could prove

6 is

connected?

a free that

touches every
votes:T

With n-1 queries
I could prove ↑connected



What could prove
G is not

Connected?

A cut :

V-Xug ⑭De
v . V VSVy G

#At+
X Uz V -X

-

0100 0 -
v edges from

X
O 000 0 no

V7
I O ood d

to V -Y

How many edges
to prove ?& IXI . N-Y) = (2)



Think of this as a function :

(2)
f : 50 , 13 -> 50, 13
un -
of yes/no

Space
off abs
motrices
verter

on fsizer
set o

functions
boolean string



1- certificate ((n) :

a subset of
bits that forces

f(x)=1 "Yes" (spanning free
Here : f(n) = n-1

O-certificate Coln) :

a subset of buts that forces

f(x)=0 "no"-
Here : cut O Go

X vertices n -Y vertices
- -

so Co(n) = Max (n(n-*] maximized
Coln)? =TY when X=z



Let ((n) = max[C (n)· Co(n)) ·
Theorem : D(n)I ((n)

Why?
If not

,
I can't tell

If answer is yes
or no !

Here P(r) = maxEut,)
=
D(n) = (2)



Theorem : D(n) = (2)]
--

Proof : upper
bound is easy

:

D(n) ! (2)

↳ useDFS or
BFS

If have
all edges

lower bound : "aversary
Y maintains

2 graphs
Y +M.

I - "maybe"set:
"yes

Y

ones ones mig
edges

:

knows be there

as exist



Initially:
led

↓

Note :->
Advers strategy:④ f HSE when iReturn

·Fig algorithm
checka -9

edge
vi any FALSE would =unless

F

&

&

& force 6 to be [ -·

disconnected M= C
-

N

dtoyes-



Observation :

is always connected .

blI
· M check
-

acyclic : If addingde· Y IS always lijmakes
Id

Y EM
remal

· When (ij) is added
to Y :

Y all edgesbilt isD comp : Ij's comp
been decke

have
Tyes !

L

So : I only connects
after (2)

quemes,
at which point M=

Y.

0.....
-



th
Before (2) guey :

"Yes"

[·sconnectedemay
be
"

Both Yo M are
consistent with

answers so
for

= Algorithm can't
decide

earlier .
E

Mustredchsit



Astrproperty is a function

F : 50 , 130- 591]
yes/no
-

-Vingraphs 90, 13
()

-

A string property IS evasive
-

If its deterministic decision

tree complexity D(n) is
= n.

evasive?
When arethings

Graph connectivity
!



Simple game :
Let f(s) = 1 If a bookan
-

string Se 50, 132
has 3 Is
-

in a row.

n = 3 ::1
evasive!

&
n = 4 :

- ↑

---

nur

F T-
↑ checks + evasive



When n
=S
,
not evasive
-

atpos, o
-

! -O
4 checks suffices



Aanderaa-Karp-Rosenberg Conjecture :
(1970)

Every nontrivial
monotone
-

goproperty is
evasive.

= (a)
-

known : connectivity
-

also : acyclic, planarity , bipartiteness.
k-colorability , a many more

[Rivest-Vuillemm] : D(n) = ~(nz)
↳ = con

?

↳ Y
-



Blum's Theorem :

- function F: 50,132 -<97]For a String-
let TlA , s) = # a bits in an abit

Input string that algorithm
A must check to compute
#(s)

.

D(n) = min
max TA,
S

* length n

C(n) = may min TCA , S)
A

"Certificate"



The theorem :

maxEG63= C (n) = D(n) 1 C(h)
-un
-

wordedwe alreadythis

notch
↳

rophs
!

9



OK
,
back to Algorithms !

FFTs : why ?
Polymonials abound on computers !

Adding : A(x) +B(x)
- Il

n-↑ anX +... +90
Y
bu,y

*----bo
O(n)

ai + b; for
each i

time

Applications : signal processing !

Scient fe applications



n-1

Consider p(x)=Exi
i affeld

a : coeficients
If in IRs

even

Not always
I !

roots canbe

C Example : Complex # K

N

i aj = (ai +6) I
- IRI rec 2

+bx+C -aX
-b T b - Hac
-

↳x= 2a



Mutiplying ((x) = A(x) · B(x)

Example : A(x)= 6x* +7x2 - 10x + 9S
B(x) = -2x3 + 4x

- 5

6x3 +7x
=
- 10x + 9
--

X
- 2x3Setup : -
-

-30x3 - 35x2 + 50x - 45

24x +28x3- 40x+36x

- 12x - 14X

4 8
-

& s
G O O·

+ 20x4- 18x3
-

-



In other words
:

&

2n-2

A(x) . B(y=2(x) = jEX
g

where Grab
F

Question : How to speed up practically ?

Answer : Recursion ! plog3
sow faster

mult
.

↑
↳eh !



Fact : any polynomial
of degree

S3H isdetermined bynt
values.

distinat
as long as they are Eff
Ex : degree 1 : f(x) = ax +b

Tint]-O

⑮
(ii)
Y formula



Degree2 : Fix (0, 7) , (1, 2), (2,5) <x
,
p')

- find p(x)= axz +bx +c-
Plug in :

p(o) = 1
= 0 =
1
-

p(n) = 2 = a + b +2
-

=> a+b =1

&

i



So : facting a polymonal. O's !
n

Write (x-rj)
a root oftheNote: · IS -

polynomial .
· motivates Di

↳ won't be in ,
even

If all coeffs rec
IR

P(x) - Q(x) = ---

nomials haveUnfortunately : two polydifferent roots !



Vandermonde matrix :

Given N *), ....,YnD]
for polytics .

-

V(X0
. ...,
Xn-1) ↓
-

Yo row 1 No X X
,

n -

( n-1
(:

" i ...!

Yny now
1 Xu XuE Xar



Why?
- Has determinant # (Xk-Yj)

OEjCKEN~m
- It is invertible : V-1
-

Goal: get ais
-

- And Va = Y
= = v

+

Y
Next time: Why weere ...

mult!


