
Complexity + Algorithms -Spring26

Complexity
Herraces



Recep-
· Midtern practice posted
· No reading next Tuesday
↳ exam in dess

-

· HW-due Friday
a had deadline

,Consider Saturday
so solutions can

be posted)



Complexity boundaries

Lot of questions this
week and last

about why some
variants are hard,

a others aren't.

I'm not sure I have good answers !

Remember :
· P could = NP

· Difference : can I findan

algorithm



An example : 2SAT 7319

why is it easy
?

&= (x , vXz) 1 ... (Xi VXj) . . -

Some logic : (avb) : need
a
orb

if p
=true

recall : peg
is false only g

= false

--

l



Build a graph : ( , v)
-

-Build
In modes

:&--O O

%... *. Yo Yo
·

--

for (XiVXj) : add Ti -> X j 3zu - Xi

Identify implications
Note :can't have (Xi



Example
&

-

O -
O

0-

This IS SAT :

all Xi =T O

(there are 15 more

Consider two clauses : (avb) and Gbvc)

↳ also need Ca -c) . Why ?

So : If a is false-

needa to be true

(CVD)



Paths in G :

In other words :

If we have a path Xu> -X;
andxu>X

, problem !

Why? -O



The other direction

Suppose no xd are in the

connected
same strongly -component

.
-

↳ V
Par : S is strongly connected

If VutS there is a path
S

unv ↑ Unsu.

-2

-1

Directed acydic
graph



Algorithms
Collapse our graph into SCCs.

Take topological ordering :
(xivX)

⑨⑭I
x no outgoing edges

Start at end : make each vorable true ,

Process backwards :

each clause has
2 edges

SCC
G
any case

wl verablen ea

true



Runtime : top fort : OCUE)

m claves↳ vos ,

V=2n => Omin)
E =am

Why is 3SAT harder?
-

Theolg doesn't work?



Another example Hamiltonian vS
V

cycles
Euler tours - visit each-

G with

T

no repects
edgei f

Theorem : G has an Euler cycle
Et every

vertex in G has even

degree· (t G is connected

Proof =>: Spps6 has Enter four :
-
- timeI enter v, I

trace four -> every
mustalso leave it

. 2+2 to degree
except first/last vertex> +2 to deg .



E : KreG, d(v) is
even

-

verfer V1 -> has some

start at some edge2 G- &

& G

to ··
Ve Q

If each vi has outgoing edges ↓

contine .

outgoing edge :

Stuck when
no

backat VI-
Must be edge,

done.
·If I've used every
·If not : Start at

some vertex

with edges left .



So : a "local" condition can be

checked in polynomial time.

Algorithm :
for each ver

checkIf d(v)
is even

If not

fal
it is Entran



In Contrast
,
for Hamiltonian tours :

Need global ordering of
vertices.

A loca "bad chace" can get

you
stuck.

How many orderings ?
VI orders
↳"feels" exponential
·totogo

to



Hardness & approximation
2 weeks ago : TSP is NP-Hard.

From Hamiltonian cycle .

Reduction :

*known NPHard

Input : 6= (VE), unway hted
.

Build TSP instance : let k= IVI

a G' = Kill with weights :

&
e() = (11e-6 %

2 If e$6



If G has Hamiltonian cycle :

Build aTSP with weg
ht = IV)

by using
the cycle

If G has a TSP with weight
IVA !
- need IVI edges, so
can't use any weight

2 edges

=> also a
Ham cycle in 6



Think about approximation

New weight function for 6 :
im
6

1

If e6we(e) =

n ENVI+1 eC
-

YW +2

If we use any 26 , length of

TSP : = 2NV)
So if we have 2approx :
could use that to solve Ham cycle



->Ham7cycle



Wort : we did approx TSP !
-

but assured Greg
huge

*
I

does not salshy
- ieg



Even more :

ele) = G1
if e + 6

f(n) if e6

Then : f(n) - approximation
would

imply P= NP g since
could

solve Hamiltonian cycle .



Strong versus weak NP-Hardness

A problem IS weakly Nitfed if-

·It is NP-Herd

· but becomes polynomial-time when
all inputs are

bounded by a

polymonial of input
size.

Also call "pseudo-polynomial" time .
- numeric valuespolynomial ina



Example : Subset sum

OCT) ,

withn numbers

↑ &T thetarget
Thes size DP
logt when written
OCnT) is polynomial of
/C

Olui) T= 0(n)
·

In other words :

easy
when Is stay small !



Strong NP Hadness
: 3-dim matching-

Given 3 disjoints sets X, Y 57,
each size n

, along with a
set

TEXxYxz of ordered triples ,

can we find a set
SET

St
.

each element
of XVYZ s

in exactly 1 triple
?

Notes !
-

&
eneralization &

ofbipartite
g matching

· No #s in sight !



Reduction : from 3SAT

Input: poolean function
with

n variables & m clauses.

m=
4

Variable gadget :

O

· m elements in core
& C

· m elements in "tips
4

O

G O

O

⑨

Even/odd :



"even" covered
=> true

Clause
· Xi
"odd" covered- false

gadget
O

Xi vTgVYk :

Xi Xg Xk



So : almost there !

Problem : some uncovered "tips"
What if X : is in only 1 claise?



Finally : X, YrZ :

-

⑧

O

8& O

⑧ ⑧ ⑳

O
O

O

·
·

O &

O



Construction time :



Note : No numbers really anywhere !

So : nothing polynomially bounded.

Really about combinatorial structure
of inclusion in the solution.




