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Reductions



Independent- Settes
in a graph with no

edges between them :

to ⑧ O

easy
O toget set #- &--

small -
O &-

&

8Gmaximizehoi oo

Decision version : Given
6 + KEXt,

does 7 an indep setofsize k?
(in NPS



lenge: No booleans !

But reduction needs to take known

NP-Hard problem I build a graph :

I
known I -Yes
problem⑮broX

No

↳ how to buld
a graph

We'll use SSAT

(but stop and marvel a bit first ...)
-



Reduction : Build 6 a determinea
M

Input is 3CNF boolean form ulC

↑=
->Dn variables

ON ·d

① make a Vertex for each literal
-

14 each clause
-

② Connect two voices if :
C

- they are in some clause

-

they are a variable o
its inverse
-

T



Example:

intuition : choose one T varible
ment

per clause
in SAT asseg

↳ m vertices



Claim :
=

& formula is Satisfiable M

EX
G has independent set of size zm

=> Assume # is salsitable
-

G chooseT values so
each clause

has =1 true ·
Pick one perclause.

↳ Select correspond veV(6)
:

-

This set is indep ,
asize m

One per
clause => 1 verex per

4.

and if Xis Set to true,
< I

not (int) , So no clause will choose

Vertex that is connected outside its 0,



=
Suppose

6 has Indep set ofsizem.
know at most

one vertex per
"clause &" Why ? Call connected

Take that refer
a set corresponding

variable to be true.

Each clause has 1 var
.

true
,

a novort
its negation can both

be true.

Crestof variables can
be eitherTF)

= satisfying assignment
.

A



Next : Graph Coloring
A k-coloring of a graph G is a

-

map :

c : V+ [1,0 ,13
that assigns one of K "colors" to

each vortex so that every edge
has 2 different colors at its

endpoints

Goal : Use few colors
&



Aside : this is famous !

Ever heard of map coloring?

o

Famous theorem : For planer graphs,
4 colors Suffice

.



Im : 3-colorability is NP-Complete.
-

(Decision version : Given G

output yes/no

In NP :

-

Certificate : color assignment for
V

Loop through
all edges e-uv ,

- check that clu) + C(v)

Polyhme: OCE)



-NP-Hard
on from 3SAT.

Given formula for 3SAT
we'll make a graph G

& will be satisfiable
- ↳>G can be 3-colored.

Keyton : Build "gadgets" ! ⑨
①Truth gadget- ⑱
Must usey colors-

so establishes a "true" color.



② Variable gadget : one pervariable

① Result : Onlywuel ⑧
fulseget @ one of Xit

⑨ Yu can be

S "true"

·



③ Clause gadget :
For each clause

, join 3 of the
variable vertices to the "true" vertex
from the truth gadget.

Goal :

Ho
are false , nalso-

tall & 3-coloring
( -variable · ⑪
we
red, ⑳

cannot O ↳
3color

Why ?? try to color all "false"



Final reduction image :

3T/F
gadges

37value

efOO 3 clausea
↳

Now , need reduction proof :



Construction is polynomial :

G has : 3 + 2n +5 m vertices

/
↓ /VR edges :

loop through clauses
&
add

=> poly size,atakes poly
time

to build
-

D



3 coloringof G s satisfae
If:

E : Consider a 3-coloring
of 6 :

↳ one vortex per
clause must

be green,

So set variables T/F according
to red/green.

know one per
clause will be tre.



- Consider a satisfying assignment
to :

Color varibles : in G
accordingly.

show extend
& then 7 cases

coloring through
clausegadgets.

T A



betSum numbers X= Exi..An] and
a target t, does some subset of X

sun to t ?

E: Actually did this one!
see lecture from Ch .

2

1 ---t
Runtime: Out] X I
-

-
not polynomial in il
Input : to logt r



Subset Sum is NP-Hord.

Reduction : Vertex Cover

Input : Graph G a size I

Goal : find K vertices
,

such

that every edge
in 6 is incident

to at least one vortex in
set

Challenge: Construct
a set of numbers,

st
. we can hit a target value

E G has Vertex cover
of size 17



Recall : base 4

(32012)4= 2
+ 1 . 41 + 0 . 42+ 2043 +

F---
-

3044 =&

&

↑ -

Idea: Use base 4 :
-

-

force a targetTthat requires you
to use only vertices, but to

"cover"

edges
Number edges O

.. E-1 create ad
C

number for subset sum with Edigits ;

b
: Per= 010 -- o



For each vertex , make another
# :

An :
- 1 1
-

----T
↑↳

any edge incident, but1 in that- spot
Think of base 4 rep

resentation

↓

④Q ·ToO
- O

-

--



# : E digits in base 4

one per
vartey one per edge

O
-

4

· I E
&

Im



O

Now
,
setT k : 4-24-
f

why ? forces k vertices
-

If select achoosingof edge, you
have 24ir edge i

If not
-> choose edge#

Iroof : sizek VCEX sum toT

EVC : 7 k vertices Va s Vz,
-

, Uk

·

St . Feet, e is
incident to some

VieEves - vin]
Take those #S



have k .4
↓ either loq or 2opi
for each <E

b/ every edges
has at least

one endpoint in cover

If edge i has only one

endpoint, add be to subset

T



=> (ont)
Pick a subset : El

must = k4
*-E204i
- i=0

6only getk
.4 If

can #S
we haveK vertex



E : suppose some
subset of #S

-

sums to T. options ?
E Et O

Recall : T= : 4 + 2204
-an111

-be
Plus :
Each digit position

has only 3

#acrossall,
↑



So :

Those k vertices must

touch all edges



Time to convert : 6=(v, E)

V+E numbers, each
has

E digits
↓ T has K

+ E digits



Partition-
Given X= EX1

..., Xn] can
S

we partition X into A +B

(so AuB = X, AuB
=P, A ,Br)

stEx=E ?
Xi A XjEB

Reduction? From subsetsum
M



Input : X = EX . -- > Xn]
+target

Build set of#S S .t.

= subset =T in X

↳ Partition the news.

Idea : somehow
add target in set

Let W= EX:
-

Xz
,
--- (

Xn
Y
T W-T

w Kurnur
w-T add 2I w #S

"



Proof :
-



Some fun examples



Another : Tetris

NP-Hond : Reduce 3-partition



Next week : some hardness of approximation,
plus more reductions.

creadings posted.)


