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First example
Vertex cover : Given a graph G = (UE),
choose a set of vertices SEV such

that every
eeE is incident to some

vES
.

Examples : i
e ⑮
-12

·
D



How hard?

Easy to find a
cover :

SV IV) or V

Challenge : make it smaller

↳ minimization problem

Note: In gened, NP-Hord . (More later)



One idea : Use vortices with high
degree .

Why ?. Take
lots of edges!-

-Greedy algorithm
:

I Question: does
Ever give

thethis

mic set ?

why I es- ?

these edges & -
coveredare
remove

use

↳ all incidentyes



Question : how to make it fal ?

Need high degree vertices that
are not optimal

.

·I
-ub
zeg OPT = Greedy

- I

But :

only +1 apart



Can we prove
this is an approximation

to optimal? last slide : examplewith I=Opti

in 1C1 > /Opt (see last slide)

but IC = C : /OPTI ?

We : Nothing in our algorithm fells
US what to aim for !

prev - example 2- /

Let's check some notation here...



Back to VO -> lower bound :
agraph where

we fail ely

Question : is if a 2approximation?

No
.
(But not obvious ..)

Construction : bipartite grap
h G = (V, E)

R =
- where V= LuR

/3 < 2
.

n
,

add Let

j
For R : for each

n vertices
,
each degree s&
-

-

%
d connect to different

vertices In L
Vela& ↳ call these Ri =R

-



=8(lESt.+f=d&
:

&-
L of

⑥ Ru
sizemy Tag= n

max degree ? n
-1 R



What does our algorithm do? &?
L

---

GL

↳G2
Highest degree Verte? Gs

G

↳In R , one
of Ge ↳

degree Ur

When removed :
R2-- each

of degree
2 .. n

↳: each vertex lost
If edge

In

↳ deg EnyRemove Rn-
E . - Buz En-3

↳ still have *T des



So
,
in end
,
all R voices chosen.

What is IRI ?

IRl=Ril=
=2

In n = logo n
Recall that "cheat sheet" :

d

-



So
,
back to <(n) stuff :

IRI = n(Hn-2)
12 = n

So
, greedy factor <(n)I
↓)

S
Note : lower bound! Can we show it always

gets at least this?



Theorem Greedy algorithm always
chooses a set of size= (logn) ·OPT

To prove
: Rewrite slightly :

6 =G1
Gremove some Ve⑭ I

Dadds v ,

O W remove v2
Caddv2

-1C/OPTolog((6) - add 1 verter G3
i

②
Y

Let Gi = graph in it steration.

ledges still not covered)
Let di = max degree m Gi



Let CB = optimal vertex cover in
6

(which must exist but which
we

don't know)

We do know that
*
is a

Vertex cover for each Gi.

So

:[degree of v
inG

= edges in Gi

Why? B/c still a cover,
so

each edge must
attach to

some ve-



sincedes : (v) = (ElGil

=>> average degree in Gi of

-

GB IS =
why?
If all , then not /(6)

But : this means max degree in
Gi

Is at least this size.

=> di=



averages

X
,
+ xz + -

- Xn = k

average isi
= A

some Xi = A
why? Spps not .

each "i
<A

&

Y, + -
-**< K



Also : # of edges in Gi decreases

Odi
-

for j = i
-> ICP

Now
,

consider first OPT iterations

of loop :

6- G+G .. --> GopT
-

How many edges get
removeda

[di 2·i= 1 i= 1 OPT

= IE(GoptYopT+GopiD
+... -ELopt

OPT OPT



d
i= 1

Why? b/c
we removed, da, ..., dont

edges

Crazy sums
: odIE)-:

=> 2) = (E(6))

=>di



In other words :

at least
OPT iterations removes

half the edges.

f-
#T

2~ 4 -
- OPT 20PTOPT T

keep going
: OPT Iterations more

I
How many

times ? (12
rounds

,
done

↑

After round? 1 perI teration

How many of loop
↳ OPT iterations, have

Optveices

OPT· logzE7 .

5



Runtime a space
:

G
Input :graph
Y I Fe JOCE

ad
,
listO~admeta

-xig,
V : nbrs Y VE
O(VE)

by
edge

E = (E) =
VINY
Z

OPT - log(E) (V+E) = vz

~ OCUE) space
to build all Gis



A different approximation - simpler idea :
-pick any edge I add its endpoints to

- delete all "covered" edg ·

- Repeat

the cover

·direport
Seems worse

,

right?

- adding a redundant verleyech time !

- vertices might have low degree



Theorem oproximation .

Vertex cover is a 2-9Dumb Cversus logE-approy
Proof Let C be greedy cover here,
- exists
↓ be OPT.but it is

unknown

For each edgee
= Suv] :

↳ either or
VIS

in C· D 21d
P D

< (n)=2



un ?

·
L

- R
T

Defects worst case patredctly:veL
by adding



Parameterized Complexity
-

Next section considers : an weget an
exact solution that is exponential ,
but in some other parameter-

Example : in Vertex Cover, can get exact
answer In O(n

+2)
,
where K= /Opt

↳ Can improve
to 0 (3kn2)

Brukfore : try
all (i) size subsets,

for -12 ,3,4,)=Oly



Traveling Salesmen (TSP)

Given n cities withsairwise distances
Ibetween them , find the shortes de

cy
visiting all cities. 5

Mustard : more next week!

But idea : Take some problem X
where

we have reason to believe it will
not

have a polynomial solution .

Show any alg for
TSP would be a

Sub roukne to solve
X.

So : TSD is probably hardreductions



Additional beneft :

The reduction for TSP is
from

Hamiltonian cycle :

Any approximation algorithm
frTSP

would give
an exact solution

to Ham cycle

= Hand to
proximate

CunlesPP= NP)



So
, why study ?

- graphs :The reduction builds strange
Y

why strangea·
-

Triangle inequality :
d(n,v) = d(n ,w) + d(w, v)

assumption
common



Theorems: If G satisfies the triangle inequality,
can compute a 2-approx forTSP.

Idea : Use Minimon Spanning Tree
(MST) :

MST :

Then :



Proof :
-

Let OPT be the cost of optimum
Solution to TSP.

Let MST be the weg
ht of the

Minimum spanning
tree.

And let X be the weight of

our constructed CY
cl .

Need to show :

X = 2 . OPT



Ep1 : Prove X
= 2 MST :



Step2 : Prove MSTE OPT :

why? TSP
solution is a cycle, so :



SetCover

Another classic NP-Hard Problem.

&S 9 Tr
GD



Greedy Set Cover
How should we be greedy ?



Sanity Check : does it
work?

Observation : Let hi be # of new

elements covered in iteration i of loop.

Then
,

C = &27
... Im

,
where m

Is total of iterations.

why?



Notation :

Let [V1
, ...,
kn] be OpT set cover .

Let Ti = uncovered elements
at

beginning of section
i

and Ui = set chosen in its,tection



Lemms ↳
H

- K
.

Proof: Consider
OPT again

->K sets
,
a

covers Ti

Some set in OPT
must have size

#i -why

Greedy picks biggest
coverage, so

Mil



Rewrite : If dil and

Itin) = Itil-di

-> ITial 1

Tum : GreedySet
cover is Ollogn) approx.

Proof : Need to know how many
-

times the loop runs

Csince adds 1 set per
Iteration)



Well,

Itil = (1-*) Itil E

When do we reach an
iteration M

where this
bound Shows ITml1 ?

Cloop would then stop).
* for X=0 .

Math tricks : 1-X
<Y

Let M= T2k
In7 :

ITml ?



Math
,
cont) :



End recap
: If IOPTI =K :

After 2kIn n

repetitions,
Tis empty·

So : IXIET2kIn nT

=> = Ollogn)
= Ollog n) approximation

.


