




Subset Sun is NP-Ard

.Reduction : Vertex Cover
&

Input : Graph G a size k

Goal : find K vertices
,

such
-

that edge in 6 is incidentevery
one vertex in setto at least

Challenge: Construct
a set of numbers,

st
. we can hit a target value

#) G has indep set
of size 17
->

Vertex cer



Recall : base 4

(32012)+ =3.42 .4+ 0
.4714 +2 . 40

---

... -Idea: Use base 4 :
-

-

force a targetTthat requires you
to use only vertices, but to

"cover"

edges
Number edges O

.. E-1 create ad

number for subset sum . 2/ E "digits"
: 60 =00 -- : O.Y

-
- -

-

- -O8e : be -
-

-

:ebo-OEspots
-Ext

-&



For each vertex , make another
# :

Y duf Is
,3 for itsau:

Ext digits endpats
Call else

Think of base 4 representation O
Eu ,v3
- EX

,
V]

- k of

⑧ ↓ These
Ye

~
Oll ... I
u

-> setofS.re



Now
,set T:↳=0xz each
why? Y kvoteesforces

Frof: sizek VCEX sum toT

EVC : 7 k
vertices Va s Vz,

-

, Uk

·

St . Feet, e is
incident to some

VieEves - vin]



=> (ont)
Pick a subset :



E : suppose some
subset of #S

-

sums to T. options ?
O

Recall : = . 4+204
i=0

- av =
-

+ be=

Plus :
Each digit position

has only 3
Is across

all #S :



So :



Partition-
Given X= EX1

..., Xn] can
S

we partition X into A +B

(so AuB = X, AuB
=P, A ,Br)

st[x = Ex
Xi A XjEB &

Reduction?



Proof :
-



Some fun examples



Another : Tetris

NP-Hond : Reduce 3-partition



Again : An active area of research !
-

les

&

Almost any problem in Al IS NP-Hend.

Not impossible ! Just exponenta to
solve

perfectly
:

- heuristics
- approximation
-

pruning strategies



↳nee program
In a lineer program ,

we are given a
set of variables

The oal is to give these
real values

9
so that ?

① We sahs some set of linear4
equations or inequalities

② We maximize or minimize some

linear objective function



Example LP : Cargo plane :-
100 tons + volume

- cab carry S

of 60 cubic meters

- ricls :
- 3 male

· 1st : 2 tons/ubic meter ,
40

cubic meters avcibable ,

worth $1000 per
c.m

· 2nd : 1 on /C .m ,
30 cm total

available , and
worth $1200 perm

· 3rd : 3 tons/cm , 20 ems
total,

& $12,000 per c.. m



profit!

maximize

such that :

X,

Yz

Y34



Geometry Each equation makes a
Y

- Plane (since
linear !) :

Xz
M

L
> X

,

↓
Xs



Each vorable adds a dimension :

Maximize X
,
+ 6xz + 13X3

Sit .
X
,
1200D

X2 =300
①

x ,
+ Xz + X3 = 400 113 :
X2+ 3X3 = 600

and

X,
10 ③

X270 ⑪
X3
= 0 ⑤

And each egu
adds a face

to poly nation :·



Another

#more generalentrients
Let 9 : o = amount of nutrient i in food;S C

ri = requirement of nutrient i
X : = amount of food j purchased~

c;
= cost of food;

Goal: Buy God so you satisfy nutrients
while

minimizing
cost

Can view as matrixt



I
= (r

,
m
,
... rm)

- = (X,, , Xn)
A =

if] c =( , .. .,)
-

So : minimize

Sit
.



In general , get systems like this :

-

Geometric picture :



Canonical form :

AvoidInaving both 1 and 1.

Why ?

So get something more like our first

example :

Or, given a vertor , matrixA
& rector J :



Anything can be put intocanonical Formi

The reduction :

① Avoid =:

② Avad 1 :



How could these not have a solution?
-

2 ways :
maximize X , +N2

sit
.

.*
&



Better pictures (still 2-d) :



nipplying by -1 turns any maximization

problem into a minimization One :

why?

② Can turn
inequa likes

into equalities via

slock variables :
-

aixixb =
i - G

-



③ Can change equalities into
inequalities, also !

aixi =b
H



↳algorithm:Sm

So
=no min

-

only I
- - z0 for all variables



How to implement , plus runtime :



Connections to other problems :

It turns out that LPs are powerful enough
to express many types

of problems.

In a

sense,wesolvemanyprobleisby -

BI



E: Flows & Cuts

Ext : directed 6 wledge capacities (C)
↓ S, EV

Goal Compute flow fiE-IR S. t.
-

① Off(e) = (e)
② futs, t

,

[fluev) = Efluew)
ManLP : Maximize

Sot.



Related : Min cuts (S
,
T)

Use indicator variables-
Su = 0 or 1

Xe=Xer = 1 If utS and reT

T

Do t⑧



The : want
L few

Minimize & Curu" Xuev Edges
u-> V
&

S
.

t,
Xnev +Sv-Su =0 Fuzv

Xer =0 Fu
,
v T which

ae

forced
?

Ss = 1

St = 0

0 O



Note flow/cuts , a solution would yield

optimal LP solution.

The reverse is not obvious !

LP might have strange fractional
answer which

doesn't describe a cut.

It can be shown that this
won't happen
↳ but not obvious ...


