
Algorithms - Spring25

NP-Hardness



Recep
· Have & good Easter

break !

· Next HW : posted, due lastdays
of

closses

↳ jan a HW8groups then[ calendar 3
sign up in

· Readings : Resume next week

↳ differentbook

· Find : Thurs . May 8, 103 am



hPattera
way

a "word problem
can ask you

to model agraph
a then choose correct

aI
some↳ NP-reductions require practica!

Imagination ↓

· Find known NP-Hard problem.
- into

instanceof
· Convert an

problem
your I

· Prove "Yes" inNP-Hord
Problem

↳ "Yes" in ours



Next : Graph Coloring
A k-coloring of a graph G is a

-

map :

c : V+37
&

that assigns one of K "colors" to

each vortex so that every edge
has 2 different colors at its

endpoints -3-colorable
Goal : Use few colors

k=V easy !



Im : 3-colorability is NP-Complete.
-

(Decision version Given 6
output yes/no
If 3-colorables

In NP :

-

Certificate : color for each verten

To check:

loop over every edge
a verify endpoints

have

different colors



4 colors
-NP-Hard

on from 35AT
.

E ↑
Given formula for 3SAT

we'll make a graph G
& will be satisfiable
- ↳>G can be 3-colored.

-

Keyton : Build "gadgets" ! ⑨ I
①Truth gadget- ⑱
Must usey colors-

so establishes a "true" color.



&

② variable gadget : one pervariable

⑳ Result : Only
/ one of Xit

⑪ can be

S "true"

①)D
↑ ↑
⑭.
N of these S



③ Clause gadget : (XiV, vXk)
For each clause

, join 3 of the
variable vertices to the "true" vertex
from the truth gadget.

Goal : If all 3 are false , no valid-

- ⑭ D ↳
can'tcolors-coloring

⑭ ⑰v &Wa a

Why ?? try to color all "false"
↳Can't3-color

If any vertex is green ,
we can3-color



Final reduction image :

3 T/E
gadget

-varubbles

clause3 gadgets
V =3 +2n
r5m

Now , need reduction proof : E = 3 + 3n

Spoly -

+9m



3 coloringof G s satisfae
If:

E : Consider a 3-coloring
of 6 :

know each clause gadget
must connect to agreen
variable

.

Get these variables True, o

other volse .

Must have I true var In each
-

Clause , So ① is sat.



- Consider a satisfying assignment
to :

↳ each X : isF

↳ color according in G
Since each clause has . I one

reer vortex
,
we can

g
each clause gadget3 color

↳ 7 possibilites, Ican draw
each out.



(x : -xjvX ,2)
Clique from indself
- -

Some reductions can feel a bit

"easier" :
6 = (V, E) and

KEL
+

Input :

Is there a complete subgrapat
in
G of

k=3?
-·k=4 ? Yes

80 k=S ? No
Bone



Feels a but like opposite of indset!
all edges no edges

O &
-

6 -
Ojo ·-

Reduction : Fromind. set.
have

ind
· does GGak set ofsizeInput : =(V

,
E) ?

↳ Build a new groph J-CEE)
v = V cuses

6

E = [(u,v3/[uviCE]



Erde



Claim : G has ind set of

Size k

ED I has cligue of
Size K.

proof " ind . Set in6: Ev, , USEV,-
=> Considera vertices
-

st. Xpars vi,i , EvV3 BE
By An of

G

, thatmeans

Sti
,
Ve E

↳ Ev, ...,vid are clique inT



= Consider 1 vertices in E, Ev ...,M,
St

. Futuj, Erin--
Ca clique)

Then by don of J, we
know

EniujE
↳ SU , --, Wal in

ind Set in Ga



Subset Sum :

Evena set of numbers X= Exi..An] and
a target t, does some subset of X

sun to t ?

E: Actually did this one!
see lecture from Ch .

2

Runtime: O(n .T) etP
Why is this not polymonal?f

Input : To logtbits to
write

-



Subset Sun is NP-Ard

.Reduction : Vertex Cover
&

Input : Graph G a size k

Goal : find K vertices
,

such
-

that edge in 6 is incidentevery
one vertex in setto at least

Challenge: Construct
a set of numbers,

st
. we can hit a target value

#) G has indep set
of size 17
->

Vertex cer



Recall : base 4

(32012)+ =3.42 .4+ 0
.4714 +2 . 40

---

... -Idea: Use base 4 :
-

-

force a targetTthat requires you
to use only vertices, but to

"cover"

edges
Number edges O

.. E-1 create ad

number for subset sum . 2/ E "digits"
: 60 =00 -- : O.Y

-
- -

-

- -O8e : be -
-

-

:ebo-OEspots
-Ext

-&



For each vertex , make another
# :

Y duf Is
,3 for itsau:

Ext digits endpats
Call else

Think of base 4 representation O
Eu ,v3
- EX

,
V]

- k of

⑧ ↓ These
Ye

~
Oll ... I
u

-> setofS.re



Now
,set T:↳=0xz each
why? Y kvoteesforces

Frof: sizek VCEX sum toT

EVC : 7 k
vertices Va s Vz,

-

, Uk

·

St . Feet, e is
incident to some

VieEves - vin]



=> (ont)
Pick a subset :



E : suppose some
subset of #S

-

sums to T. options ?
O

Recall : = . 4+204
i=0

- av =
-

+ be=

Plus :
Each digit position

has only 3
Is across

all #S :



So :



Partition-
Given X= EX1

..., Xn] can
S

we partition X into A +B

(so AuB = X, AuB
=P, A ,Br)

st[x = Ex
Xi A XjEB &

Reduction?



Proof :
-



Some fun examples



Another : Tetris

NP-Hond : Reduce 3-partition



Again : An active area of research !
-

les

&

Almost any problem in Al IS NP-Hend.

Not impossible ! Just exponenta to
solve

perfectly
:

- heuristics
- approximation
-

pruning strategies


