
Algorithms- Spring 25

NP-Herdres
(ont) :

3SAT + graphs



Recap-
· Hw due today

due Wed.
·

Reading



In: NP-Hard

X is NP-Hard#IfCould be solvedanomal tre,

then

So If any NP-Hard problem could be

solved in polynomial time , then all of
NP could be.

Note :
suchNotallobviouis



LookLevineis NPtHand.

Proofsketch) :
I have an algorithm

Suppose CIRCUIT-SAT.

In poly tine .

to solve

Take any problem in
NP
,

A.

Reduce A to
CIRCUIT-SAT.

in polynomial time : build
circuit.

Therefore I have a poly time dg
I

S Qutfor A A =>a& convert



So
,
there is at least one

that is NP-Hard,
problem we don't
↓ In NP

,
but which

think IS In P :

is P=NP?

circuitSAT

xdon'tknow->o CNP
ofanything
were

NP-Complete : NP-Hard a in NP



Iprove NP-Hardness A:

↑

Reduce a known NPtHand problem to A.

problem
(Alternative is to show any I

In NP can be turned into
A
,
like

Cook.)
-

-Hard-problem I↑

-I
I

Greuit
SAT



We've seen reductions !
But used them to save problems :

flood

Fiveit

biintaflow on

ofsize



This will feel odd , though :
To prove a new problem is hard,

we'll show how we could solve a

known hard problem using
new

problem as a subroutine.

Why? Just like halting problem
!

Well
,

If a poly time algorithm
existed

, than you'd also be able to

solve the hard problem !
(Therefore, "Can't" be any

such alg)



Other NP-Hard Problems :

S: Given a bookan formula
,
is there

a way to assign Inputs
so result

is I?

E : G
-

4 variables
,
mclauses

·

First: lat NP?

I clam answer is yes,

Certificate : assignment (T/F) to eachvorable

↳ size n

Can check in Ou - m) -> Intentables!



Mum : SAT is NP-Hard.

If : Reduce CIRCUT SAT to SAT :

-
n inputs, m gates

Input : CIRCUIT

↳ -

convert in poly time
to clauses :&

build a formula thatis
equivalent



I

More carefully :
1) For any gate ,

can transform

Y=:
z= x1X

y== z=Xvy
X-DoE z= TX

2) "And "these together , a want final output
true :

m + 1 clauses
variablesN

OCmn) time to build
SAT formul



Is this poly-size?

Given n inputs+ m gates :

Variables : H

Clauses : mH

time spent mon
So our reduction : O(mu)

poly
:

↳
-
-

-

--

- --



bSAT : 3CNF formulas :

-

3 variables ored in each clause

"and" the clauses together

Thm: 3SAT is NP-Hord

If : Reduce CircuitSAT to 3 SAT :
-

Need to show any
circuit can be transformed

to 3NF form

(so last reduction fails

Instead->



Given a Circuit: FX #-
① Rewrite so eachgate has2 inputs :

EU=--
anbrand(b) 1c)1d)

② Write formula,
like SAT. Only 3 types :

Yay
y

= a



③ Now , Change to CNF :

go back to truth tables

#->
④ Now ,

need 3 per clause :

---
T E



Note : Bigger ! How much
-

bigger ?S Creed polynomial)
-

Each gats
↓ ↓

=2 clauses

S ms 12m
Grant

clauses

-variables:3SA/ n variab les -> n+m +2 m



So: size? Omn)
d
an

Us
-- -y -

So : If could solve 3CNF,
could

Solve CIRCUITSAT in poly time.



Historical note :

Why booleen functions?

(think like a computer engineer
for a moment... )

Next :

Can we do this with any
useful problems ?
-

(logic is
all well agood .)

Maybe- graphs?



Independent Set :
-

A set of vertices in a graph with no

edges between them :

⑳ ·

#O #---IOo
Ob

Decision versions

Given 6 + k*], does 6
have indep set of size =K?



lenge: No booleans !

But reduction needs to take known

NP-Hard problem I build a graph :

known

I -Yes
->proximiDubro
T

↳
X No

We'll use SSAT

(but stop and marvel a bit first ...)



duc is 3CNF boolean formula

&
a0 unV : -- · o

&

① make a vertex for each literal

14 each clause

② Connect two vertices if :
- they are in some clause
-

they are a variable o
its inverse
-



Example-
artie·-

-G
a=trueO O-> set d =FalseC -

-

·OOt setc true



Claim :
-
formula is Satisfiable

- -7 K
EX If

G has independent set of size-
-

formula is
Satisfiable :

SSpp
atleastone variable per

clause

IS true

K
v

Pick one
vertex to IS:

↳ add corresponding-
clause

one per
edge /t clause

variable
Can't have
since such an edge would



near both x & * are true·

=> invertices , no edges
↳ IS so G

,
mis
Erve

E : take IS in 6 of size
im
-

-

Can have
at most one vortex

- (6/c pigeonholes
par

one verter
in
IS.

so - exactly
Set that variable

=T
.

(set reg
chons

= F)

Rest of variables
- either /F-



One variable per clause

Is now true

variable+
its negation

a no
are both true

=> formula is
sclisced



Next : Graph Coloring
A k-coloring of a graph G is a

-

map :

c : V+37
&

that assigns one of K "colors" to

each vortex so that every edge
has 2 different colors at its

endpoints -3-colorable
Goal : Use few colors

k=V easy !



Aside : this is famous !

Ever heard of map coloring?

-

Famous theorem : 4 color theorem



Im : 3-colorability is NP-Complete.
-

(Decision version : Given Gak,
output yes/no

In NP :

-

Certificate : color for each verter

To check:

loop over every edge
a verify endpoints

have

different colors



-NP-Hard
on from 35AT

.

E

Given formula for 3SAT
we'll make a graph G

& will be satisfiable
- ↳>G can be 3-colored.

-

Keyton : Build "gadgets" ! ⑨ I
①Truth gadget- ⑱
Must usey colors-

so establishes a "true" color.



② variable gadget : one pervariable

⑳ Result : Only
& / one of Xit

⑪ Yu can be

S "true"

·↑ ↑



③ Clause gadget :
For each clause

, join 3 of the
variable vertices to the "true" vertex
from the truth gadget.

Goal : If all 3 are false , no valid-

3-coloring

Why ?? try to color all "false"



Final reduction image :

Now , need reduction proof :



3 coloringof G s satisfae
If:

E : Consider a 3-coloring
of 6 :



- Consider a satisfying assignment
to :


