
Algorithms - Spring25

LPs-Duckty



Recap :

· Make sure to sign up
for HW8

grading Slot
!

· Produce final is posted
·CIFs are live

,
a
Feedback is

spreciatedal

· Block off time 2 days beforeof
find-keep on eye
webpage stack



A moment of honesty to start
Lecture:



Linear optimization : Example
n foods

,
m nutrients

Let 9 : o = amount of nutrient i in food;S C

ri = requirement of nutrient i
X : = amount of food j purchased~

c;
= cost of food;

Goal: Buy God so you satisfy nutrients
while

minimizing
cost

Can view as matrixt
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In general , get systems like this :

3
Geometric picture :

"
-



History
Dates back

to 1800's wherestudied by
Fourier-

M

By 1940's : serious study , due

to business/optimization demand

-60s
- Not known to

be NP-Hord
-

Carp actually listed
it as key open

-

question In orig
inal paper on

NP-Hordness)



Canonical form :

AvoidInaving both 1 and = &

-

Why ?

So get something more like our first

example :
-

8
Or, given a vertor , matrixA

& rector J :

may
II

st A =J



Anything can be put intocanonical Formi

The reduction :

① Avoid =: Eaixi =b

zegh6 Laix:Eb and Eaixed

②tradi[aixi=b]

Zaxi-b



How could these not have a solution?
-

2 ways : Id
maximize X , +N2

E
- sit

.

X+XX or

Er



Better pictures (still 2-d) :



turns any maximizationingbya minimization One :

1800
- rotated ↑

why? DF polygon ↓
~

② Can turn inequa lities
into equalities VI9
-

slock variables :
-

M

Eaixixb => "Eaixi + s =b
i - G

-

i=0 addsore
dinCerenable)



③ Can change equalities into
inequalities, also !

aixi =b
H



Modeling Problems : Flows & Cuts
Exput : directed 6 wledge Capacities ((e)

↓ S, EV
Goal Compute flow fiE-IR S. t.
-

Q Of f(e) = (e) edgeconstruts

② futs, t
,

Efluev) = Effew)
vortex

constrants

-

W
Xis flow
-- ↓ on edge

ManLP : Maximize))
i

S .t . ① X : = 0 -

Xi = Clei)
② flow in flow out at each vetey



Create X : for each edge ei = (n, v)

② for each verter v

EX
- [xi =0

(u,V)=ei (v
, w)
=e

Conversion : Vertices,
Eedges

↳ L variab les Lordimensuns)
I

zegns[ per edge, Yo
Legn



Related : Min cuts (S
,
i)

Use indicatorvariables : (ILP)
side

Su = 0 or 1 - on S
- or t side
--

goalie=Y = 1 If he s and re T

-

!+
50ot⑧



Lif
in
cut

The : ↓
L

want
Minimize & Curu" Xuev

&

-Of on
someedges- u-> V

- -

S
.

t, side

-*u-↳O -Xer =0 Fu
,
v

--
- Ss

= 1
- Inegave
St = O

leif& cut edgeI -⑭- --
&



Cuts : Input : graph G

V +E variables

2E equations
+2



Note flow/cuts , a solution would yield

optimal LP solution.

The reverse is not obvious !

LP might have strange fractional
answer which

doesn't describe a cut.

It can be shown that this
won't happen
↳ but not obvious ...



Indity l,
our chocolate :

LP : max x. + 6 x2
sit.

X, 200

-X2 = 300
- X

.
+6x2
9

x,+ X2 = 400 IXi
,Xz
= O

T



Car we check that this is best ?

s .

[Max⑮x2 d

Y
- X , = 200
-> X2 = 300 %
x , + x2 - 400 ③ O

X1, Xz
? O

Play w/ inequalities :
① + 6:
-

X
,
+( 200 + 6 - 300
-

1)

Y, 200 2000
6x1800
-



Interesting !
These 2 inequalities tell us that wecouldn't ever beat $2000.

But recall soln was $1900-
can we get a better combo ?

max x+ 6xz

S .

E -

X
,
I 200 ⑪ XO

XLE 300 ② X S[
X1, Xz

? O OX , + X2 L 400 ③ * 1

-

Play = 0 .D + S+ 1.

XSX500 addto



Thesemp,a A certificate
-

-

↳ No valid solution can ever beat
$1900

But
-

how do we find these magic
values ??

In this, we had three "" inequalities
↳ so goal is to find

theright 3

multipliers: I , 12 ,
and
ye

Let's try to rewritee ...



Multiplier Inequality-

Y C Y =200)

-> Y -C X
2
= 300 S

Y3 X C X ,
+ Xz = 400)

Result Y , X ,
+ yzXz + yz(x+(2)-

-

-

= 2004 ,
+300y2+ 400ys

↳ (y , +ys)X ,

+ (yz+Ys)X
↳ 200y+ 300 42

+ 400Y
Rewrite : Make left side look like the
-

orig inal
max/min goal , so right

will be an upper
bound



so here :

#+ ye)x .
+D3)xz = 200 y + 300y2+ 400y3
-

Means) E⑭-+ bXz I 200 y , + 300 yz + 400y3
bl if negative,If : Y1, Y2 , Y3

=0 ]
inequalities flip !& 3 bla original equ.

Any yes would give an upper
bound !

We want the best one
↳ le minimize another LP !

-



Qualit-x+6x
S .

- dual min 200y ,

+ 300
yz

-
X
,
! 200

YeMXE300 So to
+ 400y3

x + x2 =
400[S y, + y3

= !Y2 /X, Xz= 0 Y2+ Y3 2
Y3 Y = Y2 Y3 = 0

Any solution to bottom is upper
bound

to top LP.
=> If we can find primal/duals
that are equal , both are OPT

#, 1900 : primal (x , x2) = 400 ,300)
Dual : (y . cy2 , Y3) = (0, 5, 1)



This is just like max flow/ min
out

duality , in a

way.

Works for any LP :

orimal dual
/OPT OPT
- a
feasible feasible

primal
um dual

this gap - the duty
g-

is
=0.

For ILP- > can be > 0.



Ingeneral :

Primal LP Dual L
-

max CTX mic

S .

t. Sot
Yb

At I
YTA = cT

* = 0 y
= 0

5
,
%
,

5 vertors
165

, it , not



Limitsof LP :

Many things
areot LPs !

E : Integer solutions

points ;#
yeahis

If equsandnot e

Ex: Quadratic or more complex
constraints

↳ distance fews
xnot ⑧S

O oX2Y2 learXiYu --(X .-XG2 + (y , -y)



Often other approachetine !
could give

a better

E: Flows a cuts
!

Orlin : O(VE) via a
- - combinatorial approach
LP :

· LP w/simplex alg.C-[P IS

Evariables, = is exponential S
,

VIE equations Owith"better algorithm
E (Matrix multiply

time

E ↓ (so~E3)
-



#algorithm:Simple(Dantzg I

So
=no min

-

only I
- - z0 for all variables

corental in

-fest in practice, but extT
worst case I

Lee-Minty , 1973
: some

I

Icosiblepolytopes haveO(nL2)) vertices



Algorithm (Simplex)--
Take any

verter Vi feasible region

while some neighbor v" 1S
better

V- VI

Details locking !
M

Step 1 : find a
vertex

take d

worm. *



Any & hyperplanes give
averter:

Loop through m-d
others :

Eitherble for each

Or Not
↳Tuse this new hyperplane



How to pick where to move?
No Ideal way !

Many proposed, but for almost

every
one,

there is some input-

polyhedron
that needs an

covertal number
of pivots.

ex-



Ellipsoid algorithm , Khachiyan 1979

· (weakly) polynomal
time

↳ dependent of precision
· high level idea: compute smaller

o

smaller ellipses which contain
solution

Interior point Methods , Karmakar 1984

· More through polytope's infenor :

· Still weekly polynomial
·

but-practicall t
&


