
Algorithms- SpringIS

Strongly aweakly
connected comps.
Intro to MST



Recap
-

· No class next week-

happy break !

· two readings for after

break are posted
· Instructor Feedback form

should be posted
Check email)

after break
· Tuesday
4 outof

town ,
no

ofce hours

↳ makeup on Wed/thurs



Songconnectivity
In an undirected graph,
if umov

,
then resu

Not true in directed case :

-noFo↳ Xav

- pot
WFS Uin 8

↑

So 2 notions :
-

weak connectivity :
u are weakly connected

of

either un veh

strong connectivit
:

both vi End veu

related: stronglycorn-a



Can actually order the
strongly connected pieces
of a graph: noedges

-
+y+ -0

D O

Onyaour *
Onsi incovingSup
-

How?

- Well
,
each component

either isn't connected,
or only has 1-way
edges . Why?

p·-3
--- S

ifboth way



More formally :

Every strong a must

have at least
one

savent .
Vertexnoutd

comp)
Proof : Consider two vertices

w v component
o⑭

oX C~
--0
I be first vertex①that ↑

① X

in clock-order in see :
-



Possible to compute SCCs)in OCVTE) time . -

Need good sinks !

DFS (reu(G)
-

↳ find sinks

Then, reverse back
to

G T run
DFS from

them.

(See book for details
-



Next module :

MinimumSpanning
trees

a shortest paths.

Both are or weighted

gupts
Vertex O

Pe :

Bit
&

an weight
edga



MmmumSpanning Trees undirected
↓

Goal : Given at weighted Graph G,
-

W :E->A the weight function,

find a tree T of G
that Spann,: S

wH) = [ w(e)
eeT

I

00g

X

Metration :

Connectedly connecta

subgraph .



First :

Does it have to be a tree?

Yes
. Why?

·

think contradiction
:
If not: cycle

sum of
X
-

all edges
Second : Va If all posities

D can deleteored
These are obviously not do

unique !
better

&

·
-

tree? any
subtree

works



Things will be cleaner if we
have

unique trees. So :

all
↑ edgeLemma:Assuminare disc.the-

MST is

unique
.

If : By contradiction :
-Suppose are both
withTFT
-

· Trcontains a
-E hasofleasta-↑

·That cycle must have Tes2 edg of equal
weight uV

=> contradiction"

T: no edges , no cycles bath in
U- -v

I - - ,)

MTT-



Now , what if weights at
unique ?

Just need a way toconsistently break ties.

ot Sty**x8

·
T not hed

cases ! We know edges
have

same weight.

⑭ · i=l

~
S

Can
assumeiSo, takeaway :



Next-Ian algorithm.
The magic truth of MSTS:

You can be SUPER greedy.
Almost, anynaturala
This is highly unusual

,
7

there's a reason for it :

thearareexama
matroid
-

(Way beyond this class...)



property:

Consider breakingGinto, toa
S⑧
The MST will always Jcontain the lowest

edge connecting thetwo sides.

matter what ! MST
No

S min isU-S
· V

↓

&
Glu

G--



Proof: consider minimum
edae e
-

~
I

S el v -S Suus
-

⑨

D
S uppose MIT

does not
-

contain e.

- MST must
have

some n-r path not

including - -> call this P

p + e
is a cycle
.

S
,

&V-S with hes
for any veV-S , p

mustuse
and

some edge from
S to V-S.

consider those edges- all larger
than t ,



&

Generic Algorithm :

Buildaforest : an acysas
↑

D : An edge IS beless
-

If it connects 2 endpts
insame componenta

iso
edges

Thata An edge is safe If it
=

re
IS minimum edge fromI some carpet ofF to

&

o

Fat
A



So idea :

Add safeedgeaa free
isn't connected,Ifeverythe someafter

edge.

Why?

Add it a recurse.



We'll see 3 ways
:

⑪ Find all safe edges.&

Add them a recurse.

② Keepasingle connecta

Atech iteration,dedge.

③ Sort edges lola
throug
IfedgeIs safin



First one : (1926-ish)

-

So we need to :

While more than 1 component :
· Track components
· End all safe edges
· Add them



&

More formally : Graph O

ag :
&

C -

#

Safe:
- 1234

/

Uses WFS-variant from Ch5 :



Correctness :

- MST must have anysafe edge
- We keep computing safeedges a adding
-Stop whenconnected

components = 1

-> Have the MST !



&time er !
Depends on howmatedges
Claim There are at-

least #components/
safe edges each time.

Why?

j-g
o S

·000s
-



So : runtime :
-

- Looks at each vertex + edge
in worst case :

-BFS

J Howmana



So : runtime.
-

- Looks at each vertex + edge
in worst case :

-BFS
JHowmana


