
Algorithms - Spring 25

Flow applications



Rep -
- HW drey Monday-
-Office hours : today : 1-3pm

tomorrow : might more on zoon
↳ will post on slack by
1pm

with details

- Readings : start Friday
-Poll : last topic -> LP



Tin Ch . 11

A mess of different
ideas !

① Matchings : Identifyawayits-

#Build6': More plairs LE larger floor
-

② Disjoint paths :

Modif 6 : -> turn into flow network

End paths that avoid each other

③ "Tuple"Selection
* Build a graph : flow paths give selection

Magic : All use flows to solve.



Stepback :
reductions again

!

In these examples, algorithm
is

usually :

Buildfrom input
flow

Run max- solution
↳ encode problemI

Correctness :
flow of

solution to E) value k
-

in put problem 6I In

- ~



BperdtaGraphs

Any graph where voices can de
divided

into 2 Sets (usually LaR)
Sit

.
no edges exist inside

LorR
R R

FjOMaximum #

And edges
pervortex)

↓



Instead
,
use flows :

Y
(V ,F)

Convert 6 to J :

G
V T Suppose V

= LUR

W
I & Ox 0 here : fr

ER It
Bild T : V = Vasjusts

E = GeeE , e=Su ,, ueL ,veR/
ne v3Ustuet,sta
USAveR,vet]

↑ capacities : set all capacities =1
Call edges inE)



#gorithm : Given 6 = (V, E)
with V = LuR (bipartite)

//buildF
ILvRvEs , t]

-

E : Add edges : VueL ,
-h

and EVER, ret

Ve =ErtE ,
neLaveR , add nev

to E

Veteset cle)I run

FF(G)
matchingYg

return val(f)
If f(e) =1 for

e going
from L+ R,

add e to matching



Runtime : Orlin :OFE)
FF : OCUTES ·f)

Fuput : G=(E)

Here : V = V +2 -
E = V +E L

and fEV

Overall :o TE = (V+2)(V
+E)

Fr:)f=UE)
-V

↳ O(v(uE) =O(E



Correctness : Reduction : edget
verter

- constrants
a

-① Any matching inGvaldiin G

Ol ,

Given matchingM ,
build the flow

M-
Consideredge etmatching stE
Build flow path of value1

:
L R

② Any flow in T = matching in G

Given flowf
,

build a matching M :
Alledges go StL ,

LeR, Ret

Consider st Ledges : oneper vertaThen flow path goes
=> max flow E max matching



&

why matching?

Consider L-R edges with
flow

1.

Clame at most one per
veL

and HER ,

seps/"-t
Why? only one edge to u,
with capacity 1 .

use flow decomp -> get matching.



Aside : How??

(FF is somehow improving
matching...)

in
residualGe

6*

a
Augmenting paths



Crazier "word problem" examples
-

A company
sells k products, ↓ keeps-
records on customers.

Goal : Design a survey
to send toa

customers, to get feedback.
-

· Each customer's survey
shouldn't be

too long , I should
ask only about

products they purchased
· Each product needs some # of3
reviews from different

customers



Input : - k products
-n customers A[i

,j]
-records of who bought what :

for ik, jen [i]-

-

- For each customer, CiYs max #

of products toask them
about

- for each product, piis minimum

# of reviews needed. PliJ

How to design ?



Algorithm: Input : ([l ..n]
*of asksmay

P[1 ..k]eof reviews
-

needed

A[I . n][1 ../]z customerspurchasedS
Buld J : (picture first)

product i

↓ Us
↓

customes ducts
1
.
on prook

G · V
, draw U Pi

ove I- 7·
S

⑨ & t

Livcapacity-

a · Un Upo

-



More formally :
//Build 6 :

Der customer : Ev , .,Un
LE one vertex I
RE one verley per product

: Su, . .,Hi]

VI LuRvEsst]
set capacities : Se Vi gets cap

. Ci

njet gets cp pj
M

and Vi-1; gets cop
=1
, fit]

/Run May flow

FF(G)
1/Can we find assignment

? -=Poites!

If edge vi-m has flow = 1,Y
have customer I review product-



Correctnesscan find customer assignments
.

Build flow :

Send 1 flow path
St customer

product-> t
Total : Epi ~

Suppose G
has a flow of valueEpi.
-

Use flow paths :
know no customer

will get>ci
(b/c capacities)

know ech product must get pi
know each product onlyget reverse



Buntmei
Orlin:Vicustomers

= O(k+n)
V= 2 + k + n

E = n + k
+ nk = 0(nk)

ER edges

=> O((u+n)(nk)



Another : Exam scheduling
dassrooms

Input : n classes ,
r

t timeslots , p proctors

ECI .. n] : # of students
in
each

class

S[1 ..r] : capacity
of each

classroom

A[lt , 1 .p] : Alk, e) is true

If 1th proctor is
free at

time slot K

a each proctor get 15 classes.



Flow grapha y
complete

fast·
classes

rooms times

R + produs

Edges : Ve Sev
with cop =t,

So flow paths "assign" I class to
Valid room , time

a proctor



Then C-R edges :

If E[i] < S[j] : class will ft
In roortt.

So add edge i-j(for
itCrjER).

capacity =↑. I

Then R-T edges :

add all edges jok
with

capay=1, since
each room

is open
to start at every

hire



Next : T- P edges
If Alk , e] is true ,

then proctor
e is open

attime K.

↳ add edge of capacity
=1

(so can't be assigned 2)

Finally : P-t
Add all let edges , for

ee P

Capacity = X S



Then : find max flow.

If = n
,
done !

IfitFind flow paths : not
1 ↓

-
(
In -

Must go
sti + j+k-> let.



So :If 7 flow of value n,

can find assignment
of exams.

Other way
:

classes
,

If can assign
rooms,

also

times ,
a proctors, can

use
each assignmentto

build

a flow path of
value 1 in

6 .

So
, assegment
= flow.



Runtime :

V =

E =

↓Orlin = O(VE) =


