
Algorithms - Spring 2025

Flows& Cuts



Recap

- No class next Moriday , and
office hours will be Wed : 13

- HW-due tonight
- Next HW : flows



More formally : Residual network Gy :

Given G a f :
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Augmenting a path : sendmore

This is just an set path in Gf.

Then
,
find min capacity edge on that

path
&am : I can build a new flow

whose value is bigger thant's
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Claim If f is a maximum flow,
-

i

theshasno augmenting path.

Pot : by contraction

Assumef is maximum.
-

Build Ge a find path. +
bothe

-

Use thisabigger flow
-> then I was

not

maximum



So: I wasn't a may flow, Since f

is larger.
On other hand :

If Of has no set path, find

ISl = set of Vertices that s can reach

&: (S, V-S) is a cut.
(f uses every S-V-S edge to

its

max capacity
Why ? Go =

o

TES O=F



Immediate Algorithm : (E)·
*

mat
flow

Start with f= 0. () so t
connected

Build Go VE-0 are *WFS (G+, s)
[
/?evernecesses

Whiletts in same componen:

find s ->t path viaWFS
Vie

Angementalong the path to
OI

-
-f -f t UTE

BuildG -/Runtime?* urE
loop repeats &f * times



Why all this integrality stuff?
We are assuming each path pushes at

least 1 more unit of flow !

Can it be that bad?
-+tect

botthreckisYes :
3
=1

that cat
edge

Howligis for
Remember

,
not part of input) ·
f* Ecluet

all edges
VIV Et



What if it's not integers ? The key:

Messy !! ↓&tWHY ??
Simple :

##= 02

flow of

Ef : val= 1

·



Npath :

⑤
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Continue to push : assumeStages !
Ends with : -

--

6
,
0
,
and[=I

↓Repeat 0,
then · :

O

etc i ⑭
But: max flow = 21
-



General framework : Decomposing flows

Given a valid flow
,
we havean

intution that it "follows" paths :

But : It's a function ! (no paths)
Spoth 6

E
path=-2

That said , this
intuition does

hold in some sense :



Formalizing :
Linear combinations

of flows

result in flows
:

lignoring capacities
..)

hu+ v) = <- f(u+ v)+Bgluer)

fluev=5 n = 2
.St3

.1

u
= 13

vertex constants : Lift
B9 vef+f

-

ok Fi



Flow decomposition : "flow
inflow out

Add an edge t -s
,
I can

decompose a
flow into cycles :

*
:

O
↓
⑪

St
. "Sum" of cycles = flow.



Not unique
:

⑰
93
~



Why care?

Suggests general strategy in
FF

of "find a path a push" will

always get you
to best flow

Lif integer capacity)
.

Let's see how it
works...



Faster versions
--

This is an active area of
research !

-

We'll see two
faster examples,

both (relatively) simple variations

on the Ford-Fulkerson elgorithm :

① Edmonds-Karp : choose largest bottleneckedge
↳ OE2logElog(f

*

1)

& shortest augmenting . Path (fewest edges
↳ OVER)



Edmonds-Karp :

Targestbottleneck : how?

Take Ge :

Grow a tree from s
, adding largest edge out

each time
↳Similar to HW !

-
Runtimee

variant of MST
: Elogy



-(6) :

Let fle) =0 initially Ve Elog
V

ConstructGf Replace
:

While there is set path inGS#-bea simpleI augmenting

(
path I Let p be theVitAugmentf
-

largest bottleneck
return f path

#of repetitions in loop ?
In FF

,
went down by =1.

Here ? Hopefully better !

Key : look at current for



# loop repetitions : - E
S ->

O

-Consider current flow :
-

total

MIt
zsoW

Residual graph : Also a flow graph ! ↑
Let f'be max flow: in Ge. ↳ E

Ge has -flow
,
& at most Epaths

from stot

=> one of them is big:
-



So : adds? to flow -next
=> next↳
What is I ?

Well,+* repetitions,
(l-E)ef* 1

Wait :< 1??

↳ must hit OSincea
integer
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--W(6) :

Let fle) =0 initially Ve
Construct Of Replace

:

While there is st path inG:#-bea simplef't path-I
[f Augment (f , p)

augmenting I Let p be the

update Of largest bottleneck
return f path

inside of
- : Findbottleneck : ElgV +(E)

100

a #iterations : Elr f

=> OCEPlogVInf)



Shortstpaths
zmin #ofe is

Let p
= shortest

set path
Let fle) =O initially Ve # edges, notConstructGf

f
&

&while there is set path in Of capacities)
f be asimple set path--P#j

- Egugment (f ,
P) 3) VE

VE& updateGf
return f

which traversal BS
- -

so inside of loop = O(V
+E)



Q How many times do-
we need a path?

S

Cie : how many repetitions I
of the while loop?)

EThink of Of , + the BFSt
- -

free rooted at so
: fewesta
of of

what changes afterwe push
How ?

eda
bottleneck
-C

S·
new6-so



Let Go = initial f

o Gi = residual graph after i
repedtions of the loop.

Gi has a BFS tree Ti , so let

level ; (v) = depth in tree

(Note : once s
can't reach t, BFS tree

:

then level (t) = C.)
oV, Vz

-
Vo I

o Vz
V Vy

-



Sam : levels only get get bigger
in each round.

proof : induction on level . (fix i)
-
base case : S (level O)

, always skys 20
-

#: consider
levels K in Gi

.

for any
such u on level EK,

levels, (u) = leveliku)



IS: now take v on level k+ 1 of Gi :

Must be a path Sur

So takei just beforeoath- von

gG Now : how did we et this

edges path in Gi ?



conti
-

- nev is an edge in 6:1
leveli (v) levels ,

(n)+ 1

- might have come from pushing in Git :

here
,

it came from pushing a
shortest

path in
the last round,
-

so vesu was used last
round.



Then : Edges can disappearzer .

How many times ?

Go Gi+ / Gg If level
S os up

· s
---

U I 2
,

after

2 rounds

u. level (v) !
V

t

: Singer! I (v)
·

E got bigger



In each iteration of the loop-
some edge disappears !

=> E . E repetitions
Total : Let p

= shortest

MAX Flow (6) : set path
Let fle) =O initially Ve Sedges, notConstruct Of capacities)
while there is set path in Gef Let

P be asimple->pat])#
= VL

&

Faugment (f , P)
updateGf V .E (V +E)

return f +2



And ... not done !

Many use
voy different

techniques

&

- linear programmfractures-complex
- not residual graphs



Still active :

Plus work for special classes of graphs :
Planar , sparse , etc.


