
Algorithms- Spring25

Flows :
Ford-Fulkerson



&ecop :
· HW : due Wednesday
· Next HW : up

Wed
,
due

the following Friday
( ?)

· Next Monday , No Class--
Office hours will be led.

from 1-3 pm (nextweek)



Moreformally : Flow

Given C directed
vertices , sandgraph

with two designated

Each edge is
given a capacity ((e). t

Assume : - No edges enter s
- No edges leave t

So
- Every <(e)

->X.-T
Max flow : Find most I can send from

s to t without exceeding edge
capacities.

Min cut: find lightest set of edges
separating from t



Formalizing flow
:

A flow is a function f : E-IR+
,

where fle)

is the amount of flow going over edge e.

Must satisfy 2 things :- feasible
-

· Edge constraints : Off(e) <C(e)

⑤ Con't overflow edge) flow :IPovert
· Vertex constraints : VFSort

If only s can ship out, a no other
verley

thant can
store

(( =00 O Value (f) =

( S(5)offe① 0 11

=Efte)
-S(t) e into t



Note on notation a conventions :

flo%capacity-C

-

A flow is a function
on edges!
- -

(so are capacities
Assume both are positive !

(so vertex constraints
makesense)



Formalizing cuts
An Sent is a partition of the
vertices into 2 sets

,
S andT

,
so that

· seS -
30

· t =T

ST· SuT = O
,

SuT = V

ST is a O
partition ofV (S

,T)
The capacity of a out is [clur)utE

with neS
,
veT



Thm : (Ford- Fulkerson'54
,
Elias-Fenstein- Shannon'56)

-

The max flow value
-

= min cut value

Wow ! --
-

-

Oeway is easy
:

Any flowI any cuto
-

why
can exceed edges out-
of S - into 1

-



More formally
any

flowany
cut

-

O s -

so O
E

>

1 --I
J -

-

↳ Slower...



More carefully : O

Choose flow f + cut (S,T). Il

-to -
value(f)=s) = E

f(s) - fu
Sen -

- > -inflow out for
S then

,
since flow

S(v) = flow
out of

- flow
into V⑳tallu biofd① ves

&

V

- -
So =-Ef-

wer
---w

& any
-

sedgeentirely ona
-



= Es Efive) - [Eflwer)
VES⑭ Vess
-~

then If weS know weT

S -/
-

(because It's a cut!)

EE f(v-w)
-52 f(w +v)

&

=

ver wes
weT D--S ~

⑳ S = O bla
flow
20

-
E

so <[Ef(u-w) a flow scap
veS weT

-> [Ec(vew) = op
of

cut
veS

Wer



Ktool in proof :

Residual network Gy : /EmGedss

Intuitively : Shows how much more

Cor less) flow can be pushed
through an edge.

c-f

flo -
- = C

-
f



Why can't we just be greedy
t

push?

Socoo t
19 units

o
noway out

Can get "stuck" if we
choose

wrong initially :
Are there any

more flow paths?
-

S & ↑·->To
↓



More formally : Residual network Gy :

Given G a f :

G(n- v) =Cluev) - f(u+) fer
f)u- v) ifsin EE
O

IS in E

- Tit reverse

no
ede
a otherwise enga

: Of
flow Of 4

5/5 -tI C 7

S/iX·to t·
-



Augmenting a path : send
more!

This is just an set path in Gf.

Then
,
find min capacity edge on that

path
Claim-I can build a new flow

whose value is bigger thant's



Next : Show that can get them equal.
-

How?

Well
,
take some flow .

Ether :

① f is maximum .

If so
,
find a cut of the some
-

volue
.

② Or
,

it isn't !

↳Find a bigger flow.

use ang. path
↓ Of



Augmenting a path:
there is a path in OfSupposems to :
-

Build
D

-

⑧

↑ O



More formally, given path PE Gf
with bottleneck F=C :

-

IfP : f(m) =flit)
f =

⑳be If +P andve 6 :

- -

flu) = f(u) + C
py= S If Epandr

=> EG :
-
-

f()= f(u) -C
C L



Cam: -' is also
,

a feasible flow!-
-

Why ? Needdea votex constraints :- -

- bigger by+
· For n-> v not on

angenting path , fluef = f(vev)
so unchanged a still z capluers

· For nev on augmenting path,
If neve 6 : choose lowest bottleneck

Op so to will not
exceed cap.

If v-> u EG : know can subtract
flutv) because-

part ofE thatwneckalso



And vertex constraints :

Consider v :

If not on path : unchanged so

Iff had
Girl =0 , still

true

If on path inG-
In 6 : +c +C -- -> Enet to

-ot --

-



Claim If f is a maximum flow,
-

i

the Ge has no augmenting path.A

Pot : by contraction

Assumef is maximum.
-

Build Ge a find path. +
bothe

-

Use thisabigger flow
-> then I was

not

maximum



So: I wasn't a may flow, Since f

is larger.
On other hand :

If Of has no set path, find

ISl = set of Vertices that s can reach

&: (S, V-S) is a cut.
C fusesevery

S+ VS edetis

Why ?



Immediate Algorithm :

Start with f= 0.

Build Go
WFS (Gf , 5)
Whiletts in same component :
find -- path via WFS

Angementalong the patto
f -f

BuildOf
WFS (Gf , s] #untime?



Why all this integrality stuff?
We are assuming each path pushes at

least 1 more unit of flow !

Can it be that bad?

Yes :

How "big" is f?
Remember

,
not part of input)



What if it's not integers ? The keya
Messy !! 6 = 1+5

-
2r WH ??

of000 &~ Simplep

Ef : O O o 0

①



Npath :

⑤

·
o

X y
NewGe : o o o o

aft,
⑯



N
⑤

u-"O
#
9 ⑦



Continue to push :

Ends with :

6
,
O
,
and 1-q=

2

Repeati
,
0,

3

then

O

etc :

But: max flow = 21



Faster versions
--

This is an active area of
research !

-

We'll see two
faster examples,

both (relatively) simple variations

on the Ford-Fulkerson elgorithm :

① Edmonds-Karp : choose largest bottleneckedge
↳ OE2logElog(f

*

1)

Q: shortest augmenting , Path

↳ OVER)



And ... not done !

Many use
voy different

techniques

&

- linear programmfractures-complex
- not residual graphs



Still active :

Plus work for special classes of graphs :
Planar , sparse , etc.


