
Advanced Data Structures

splay Trees
(part2)



Recapoltw
- due friday



Analysis Via Potential Method .

idea : Let -
• D; = data structure after

Eth query
• Ci = cost of Ith operation

so varies ! Splay : depended
on tree

• and ETD) is potential
of a date structure

( used sizefrank )

Dede Ai as follows :

Ae = Got OI Cpi) - OICDit)

Holy : OI is arbitrary
o Ae Is word thot actual

cost
(bear with me . . . )



Using this weird OI *Ai :

¥2,4 = cost ofall

✓
m operators

= EEK:+ Ease -EH
TOICD:-D -oICD

Why ? Regrouping
= ifKitOICDD -OICDED

- Ee Di)-Ebi-D
e
-

Then use :Ae=ci-¥¥#= EI.iq#d-IoEh



Take away :
mEfi = EA :
E- I

+ OILDDOICPM)
OIL Po) -OICDm) is called
" net drop in potential .

"

So : if we can provide a bound
-

on Ai Cor EAD
,

that t polenta I drop
is cost of our mops.



Last time : splaying .

Rotations :

• single ,④

+.
at T2 73

• rollercoaster : rotate Cy)
⑦

rotate Cx )

rotated)•

Zig-zag # roletecx ) ⑦

€ IQ④T4→ ⑧ '⑦
a fifth
T2T3



Code :

splay (x) ' X is the root
-

While (x # root) or (parental #root)
double rotation Ex)
If x f- root

search
otaku) iE!¥f§;-

:

node← BSTFind Cx)
(assume this returns

X ,
or predfsucc of

X is not in tree)

spde)

Insert)
F-BT.userttx )

(assume this returns
X 's node in tree)

splaycn.de#



Codey (cont)
Delete (x) ::
x node ← Bsthnd (x )
if X node . value = X o

.

splay Cx node)
left ←@node . left
right← Knode .

. right)
delete Cx node)
l← Tmd Largest (left)
splayee#
l

.

. right← right

picture :
ht

get
O

' t



To get our OI :

T= Binary tree w/ n nodes,labeled 1 . . n

Each node v has weight why
°w (today : at 1)

Let Scv) = w (v)
+ s (v.left)
+s Cv . right)

rat Igls as)

10 A) = II log Cs .ci))
-

- E
.



Access lemma .

#
Amortized time to splay
a tree w/ root t at a
node X is E3(r#-rfDt#

+
⇒cloggy)

•E-re) dog a - logs

PI: If ×=t , trivially true
Land =L)

If not, need to splay X
up to t



Consider one rotate in splay :

let no

,
ofnodei

w -

before / after a rotate
+ V - V

recall a =ttoI.lt) -Edt)
where E- cost ofopto

.

= potential
( beforecrafted

• If single rotation : we

¥←×gyqy
at&t!

• ④ a=oI,G)-E

#only x-y change
!)

Itr, tr, GI - ro GD
- roly)

(by definitionofOI)



T tr
.
Cx) tr£# - ro Cx) -roads

Now : y
rotates downl :÷÷¥÷i¥÷

⇒ E
-

&after rotation , X

is root , so
r

,
G) z ro (x)C

. ¥:c:*:c,
-

(adding extra
for fun)



•If double rotation
,
2 cases

DRokercoasterCzg-z# :

¥¥¥÷i÷÷÷÷¥¥¥
we rotate (y) , then rotate

Cx)
actual cost : 2 ttoI-Ep

amortized cost
-2intr, Cy) tr. (z )

- n. Cx) - ro Cy) -4¥
• X moves up
• y t t move

downl÷⇒÷÷i÷¥¥÷÷¥i
⇒ E 2 true tree -②no



Ok Cst H R . C. rotate)

Have Ltr, G)tree) -2k¥
Togoat isa- 3K¥- road
Manipulate :
True if

r.cz#xI-2r.Cx) E -2
finish Wed !

Now : n Cz) tho (x) -2mLx)
apptydfn : re ( v) -- log Gia)
& log ab t logo = logCbc)
⇒



Not : log so

let b ⇒
Observe : btc E /

: S1:

÷÷÷÷¥÷
So S

,
Cx) z so Cx) ts , G)

How big can this log (b.c)get?
Calculus ⇒ may when b-

-c
-

-I

so E log (E)



Result: Each roller
coaster has
amortized cost

G- 3cm (x)-ro (xD

2) Zig-zag : same math
tricks

( Notes are posted
Result : Suppose k rotates
To splay .

:

3rd Cx) - 37. .
Cx) t I

+ ¥¥3(rjcx) -r; -ik))
=



Result : BalanceThem
-

:

Given a sequence
of m accesses

to an n - node splay tree,
total run time is

Ocnlogntmlogn) .

Proof : Assign wa) --1 to
every node v .

Note : I E SUD E n

splay cost :
⇒( rct) -rlx)) -11
in w



Max polenta IOI-IEIogcsciDE.IE
Min potential :

EE log GCIDZ

So OI max - IQ.n=



Next time :

Optimality Thm . .
.


