
Advanced Data Structures

splay trees



Recopy
Middle of U-F

-Union by rank
- Path compression



Facts we need
-

:

•Once a node stops being
a root

,
It will never

be a root again .

Wh consider unionsr finds
And : only changes parents,

stops
at root

Union : one
root becomes

a child .

- can be path
compressed , but nota

root
• Once not a root, a node's
rank never changes .

Why? Well
,
when does rank

get changed ?
hot in frid
in union , only changes
the end root



•Ranks are increasing in

any leaf - to - root path .

Froot : induction on time
( ie # of ops)

base case Singleton 1§- -
lndstep: consider tth
operation-either
makeset : one
To other root to

leaf paths change

÷:*
'



Lemmy : when a node gets
rank K, there are z 2K
items in its tree

.

Boffindiction on rant :

20=1

Now assume true for

anything er, & consider
the first time

rank -- r :

↳ must be a union ,
with two roots that
have

rank n-1

By IH ,
those each have

72
"

there are
2 of them .

k¥72.2
"
-

- I ④



Lemma : For any
r
,
there are at

-most E) %r objects with
rank r

. through entireexecution .

Froot '

. More induction !

r=0 rank O : I
events : Zo = n

rye : If a node v has

rank r :
we will "charge " it to
the two nodes ut v

of rank r-1 at
time of union .

After union , neither
can

Ker make another
rank r

node
.

So : if Ira at rank r-1,
then it takes 2

of rank r- I

to make one
of rank

r
.

7*1 ok
-- F



Side note :

worst case 1.og n :
n

g- at rank
r

.

⇒ highest rank ? log n
n

2=2/2/2
And so tree height(
canfbelag.ee#



Back to the log E n stuff:
Defy Tower Ci ) = 222

"

"

freight :
so log: (TowerCi)) = ;

Define : Block(8) =
[Tower (e-Dtt ,Towel:))

Block (o) = So, I] (just ble)

Block (1) = [2, 23
Block (2) = E3, 4 ]
Block (3) = [5,16]
Block (47=97, 65536 ]
Block (5) ? [65,536, 265536J

a

.



Nowe. We know rant me
of And Cx) = length of x
to root path :

Let our path it =
X -- Xi
, PG) =Xz , pcxz)=Xz , . . .fm

-
-
root

IT:

x ,=×
.

-4K¥
"
-

→×m - root

-

Say a node y is in ith block

if rankly) E BlockCi)
In UF

, may rank of

any node is log n .

(so only okay;, lojnblocks



In these Blocks :

a
Xm Block E

:-#*m

i

T .

-

e - - -
-

-

.

Bio# -
X =x ,

Block

When we move Xk→ pcxk) ,
could stay in a block

(an internal jump)
or move to higher block[ cajumpbbeohfeeg
↳ log n blocks,

t

never
move down

⇒ cog.Dn



Lemmy: If x is an element
in Block(i) ,

at most

Blockley finds can pass
through it until it moves
to Block Litt) .

PI : what happens with
each And ?

path compression
!

Must get higher
ranked parent each
true we path compress.

are only I Block CD)
options in BlockCD



Lemmy : At most¥
nodes have rank in Block Ci)
over entire algorithm .

Ff : For rank r
,
know

⇐I
ar
elements .

at that rank .

Block Ci) = [Tower (E-DH, TowerCif
so :

NE2K
KE Block

TowerCi )
= ⇐ Ek

TowerCit)H

-

- nEEE.iii.at#nftoueei-DiEai,



Finally- :

The number of internal jumps
in ith block is Ocn)
(over entire set of m finds ) .

Pt : . X in Block ( i) can
have I Block / internal
jumps

• l Block / E tower
So # internal jumps E

l Block / o #in block ci)

E Tower OFTEN
⇐p



The "

m operators on n

elements in U -F take
0( (mth) log: h) total the .

(This is upper bnd)PIther an operation is
OCD

,
or its runtime

is K L# internal jumps)
+ I#jumps blt

blocks)

# internal jumps :

Ocn ) per
latest
block

# jumps blt blocks
:

login



Neet: Skip listsBill Pugh , 1990)
An alternative to balanced

binary search trees .

Essentially , just a sorted list
where we add shortcuts .

-

but to speed up, we'll
duplicate some elements

.

For each item
, duplicate with

probability ta :

q
n

plus
#

Senhnat nodes



Searching :

scan in top list .
If found , great !
Otherwise:



Some probability!
Expectation : E (value) (probate)

values
possible

¥: 6 sided dice

E[ value)=

Each node is copied with prob=L,
Eff nodes in top] =



Prob [a node is follow by k
without duplicates)
=

So : Expected [* comparisons
in lower test]

= It

-



What next? Kearse!

To search :



How many
levels ?

-
well , Ef size

at level i]
= tzefsize at

level it]

So Gntuihely) :
Ollogn) rankine

Each time we add a level
,

Ef# searches]
goes down by at.



Moreton?
See posted holes!
(Assumes some probability..)


