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More
Recurrences



# A linear homogeneos recurrence
has theform

an = 29m +Can-2++ And

where G, Ed are constant-
-

and CFO

The order of the recurrence is d .
-

-

Examples :
An = San-T2an-2

-> order2

TIul=OTInT(n) = 4 T(n- 4) order 4
toifn-2)
+OT(-3) En = Fn++Fn -z order2
+T(n-4)



Is it linee
hom rea ?

Examples : Yes or no ? order1

P(n)6 P(n-1) yes -

added for-u

Ht(n) =2H(n-1-
R(n) = R(n-1) +RInz)--no , not

tree

ans yes
B
G CriCrils.G

orders all =0

fu=ofry n is not constant
-

M(n) = 2M(E) +Q
turn--

Puz is not n-d



How to solve :

Generally , these types
have solutions

which are exponential .

So -> look for equations
of the

form An =N

wherer is some constant

If a solution
of this form exists,

-

have : an = Can,
Camat-and

II

un-rac+ math !

N d - 1divide common term :

rd = Gr +Grdrn-d



Sothe sequence an
= rh is a solution

-

H

r 13 a solution of the

characteristic egu :

rd- ,rd+- - = 0
Z

How to find r? math !

↳



Worksheet :
-

An= Sany + 10an-2



Ex : B(n) = 2B(n- D + B(n-2)

nz = zu+ 1

r2-zr-1
=0

(r - 1)=0

-This is a bit different !



Finding general solutions

· If r is a non-repeated
root of

the char. egh, thenrh is a

solution to the recurrence.

· If r is a repected
root with

multiphetyk then I, nor".is
are all solutions
-

·

Any liver
combination will satisfy the

recurrence
,
but need to use

initial values to find constants.

Huh ?



Examples
· P(n) = 1

.
06 P(n-1)

P(o) = 10,
000

X - 1
.
06 =0 = root is

X = 1 . 06

so P(n) = c :Dob)
·

what is a?



· A(n) = A(n-D) + 2 A(n -2)
↓ A(0) =

A(l) =

=> X-X-2 =0 had
roots

X = 2 and
X
= -1

So : A(n) = Go++ (1)



characteristic
· Suppose a

equation for (C)
simplides to :

(x -2)3(x - 5) 2(X+9) =0

Then roots are :

and ((n) =



So : find takeaway !
We can find runtimes, as long as

-

the recurrence is
lineda

homogeneous !

Q : What if it's not??

Two others we'll study here,

sincethey are useful
in computing ,

· linear inhomogeneous

· divide a conquer



Linear inhomogeneous recurrences

These are just linear ones,
With

an
added function g(n) at

end :

f(n) = c , f(n-D+
- - -+ (af(n-b) +g()- home↳

lineomogeneous
inpart

Examples :
F(n)=F(n-1) +F(n-2) +1

1i hom
#- 5 inhom

A(n)=4 A(n-)- 2" +n2
umIm hom nhom.

Next time: How to solve? Ifgln



Method to solve

O "Ignore" g(n), a find the general
solution for the linear homogeneous

part . How?
↳ehr egn !

② Find a generasolution for g(n)
Tricky ↳ particularas

③ Add them together-
① Use base cases to solve for

- constants. Cusually we'l just
do bigO)



So : Step 2 Is the critical

Tunknown.

Depending on g(n) , this
can be

hard an +g(n)-- -
In hom

But : If g(n) = Elynomia]x@soe
constant

then can
do it.
- poly (deg 2)
L

Y S
E : g(n) = (n

+ 1) ·5si
--

or g)=21



(n) = 1
S OCan't solve : =1 :1

W

g(n) = Sh
. En

Y

poly
N

ofdy O

Fits Eri
. I

In
hom N

an= Gan-
-9an-2O2 i-

Erbu+9=0 2
6--

(r-) 2
=



Process

#Issa char root?
-

f Des
What Is Its

try a general zsolution ofthe mutiplicity?6form :

Let this

SV(pdeg (2)
be mI

-

/
Kis deyofga)Trya genaud solution

newonstants
↑ constant

O - the formC3 . (poyof)= nw . (poly. ofdeg . K)
·Sh



=1Examp W -
f(n) = 4 f(n-1+ 34~ deg=1

Sept charegu f(n)= 4f(n-1)
r = 4 (r -+0 )

S =3
=
-n

(n)=- 1 . (33 -Step3 :

g poly ofy =0 1po
3 G2

Step
1

Step3 6
.4 + G : 34- An

4:



f(n) = 4 f(n-1)+2n23
+S)&

X *
s
=3

dog 2 zuon3
Step 1 : some ! En⑮S

dog
Step 2 : g(n) = 12

. zi
X -S =3

poly ofdy 2 -
k= 2

try : (62on +Cyn +C)
poly ofday 2

Step 3 : an = 2 : 4" + (C2n2 +Cyn +c)0
zu



Another An = San + Hanzt no4"-

Step1 : live how part
-

an = San-itHan-2

↳
n
2
-3r -4 =0

(r- 4)(r-4)(r
+1)=0If

- c .4+C(D"- - -
-64"+nigh-= 1

+Step : no45:4 -
deeplyis a root , with mulN- -

try:son
+() - I

n
2((n +Cs) · 4

n



in
end : add Step

& step2

an = C. 4" + C2(1)"
+

n (Cyn+ (4) · 42

-24" +G(D) + Gn244-

+Cyn . 44
=O(n=4)
-Y

an= Ci4"+ Gn4" +Cst) +
n2(Cgh+Co) · 44



Next reading : Divide a conquer
done with

-

done with3 first half·
J and half

(
Chave Adj]<A[r]) If

-fairt -- else
if

else

Mergesort : 2 parts If-

n
=8 *LS

r1z
=Y

I

↑u
mi
zu

m+t
-- N

A :x
T mz

T ↑ Turt ↑

B:232537
&



works
Part 1 : Merge

Aft . on] and
an index m- -

Setup ! Given
where Allom] +-

with kmen

A[m+ 1
.. n] are sorted ,

MERGE

reatly sorts A[l . on] by end.
con

How?
-



Part2 :

Induction of length of A[I . n] :

Read a
see how

It goes !



↳2Runtimes -S-su

-- S 3
*O(n)

Some

↳ O(n) ( an)==
k= 1

SLet T(r) = runterofM en

input of sizen

T(n) =T)) +T +ON)
↳ T(n) = 2T(E) + n



Recursion "Free" : T(n) = 2T(M2)+ h
- - u

2 rea work

man
calls misfan

# ⑪ n

N/z 4/2

-Ap ⑪ &
j co O1/2 N/2

was Not n/4L yay

#S4/428/X8
⑮

- Ot



lendo D
/) Thwork

leval1 ali nodes
logal/ I N I E

levda level i=o
level 3 -> 8

notes i

----]nodes
"lend logat
I

level what
,
= n

= 2 d
=1

login =&



T(r) = & (work inside
levels C of nods)

logan B i
(z).%= 2 /

To

math !

logen
=Enn
i=0 logah
= nlogn



Teai
-

-> tree
rec Y

"Thestack

S
Summe

hur of all

work over alg's
lifebre


