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Using logical equivalence
We can develop some useful "laws"

using logical equivalence :
~ (p-q = upvig
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Predicates ->ada

propositions which depend on a
variable

cor possibly several

Written P(X) :
ie P(x) = "X IS >0

"

- Q(x ,y) = "Xis a teacher of classy
"

R(x) = "X 15 prime
"

Truth value depends on variables :

Ie : P(s) = Sis20
+T

-> P( - 2)=21s - F!&G Ern", "CSE 50502")=T



Quantifers I IN IR
IR2 ->plane

· Universal quartifier : (x
, y) ERR> /R

xP(x)
↳ For all X in

domain
,
P(X) is true

un

Shopossibl values.SExample : lated!sime .exp2
/ in

no divisorsTorG
-

I

except 1xX
Everg integer Is a primeI-

Counter example :
& To show false

,
find one element

X=4PRE domain
.

Where P(X) is false



· Existential quankfer ⑪ exist unique
7x P(X)
↳ "Thereexists a value x in the domain,

such that P(X) is true

Example : ExeXst. X Is prime .

-

How to show it's true? Proof by example.
End the X!

Let X =S x is prime, -

(consult moth book)



Quick note

At this point, let me pause and
acknowledge that moth notation can be

& lot
-

- % o

Please stop me with questions !



Using Logical operators
Can combine predicates using

all the same

cl perators :

log 9

P(x) = "X+ 1 >2"

Q(x) = "y22" X =2
-

Example :
Ver,
i) x42
-

X =2

Translate :
For all real

numbers X
S

X+12 or X
=2

.

-



Ordering a combining
- (x,7 yQ(y))
↳

order matters!In short :&="X+y =0Let
-

Translate such that
-

· Exyt . Q(y) :
for all

,
there exists y

S . t. x +y =0
-

T : Pick x
,

Set
y
= -X

· JxXy s .

t . Q(x, y) :

There is an X sit. for all
#S Ys
-

x +y
=0

F



Negations
Consider P(X) = "X has taken programming

"

peoplex , P(x) :

Everyone
has taken programming.

-
What is 2(FXP(x)) ?

Someone
has nottoken programmes

FX
,
VP(x)

Reverse it : What is L(7xP(x))
?

Yx
,
-P(x)



They "steck" , plus
can use laws :

· v (*xy P(x,y)) :
=x7yP(x,)

·()) :
-
-

Jx < (P(x) -Q(x))
->Jx(P(x)1Q(x)

-



Implicationsa quandes
Let P(x) = "X > O"

and Q(xy) = "Xy10"
translate :

YxYy (P(x)-P(y)) -> Q(x,Y



Proofs

A theorem (or leams proposition,
eff) is a statement

that can vigorously be shown
to hold true.

Generally in moth
, something like :

"If i is even, then
it is divisible by 2 .

"

"

Vaso 7620 st . If IfH-f1 <
then Ix-y) < &".

The

sequenceofstatementsging
-a



Consider

P
So : to justify peg ,

need to show

Lot in row--

In other words :

If p
=

T

, q
cannot be F .



First
,
some base assumptions &

dous :

X even : I

X odd :

parity , whether even or add

X dividesy , or Xly .
If :

Other good background
:

rational

composite/prime :



Some other background assumptions :

Also : addition & mult are
commutative :
-

-x,y .
X+y

= y+ X

Division &
subtraction are not :

-x, y
St

. Xy
=y
- Y

Prove :



Example :
Ifh is an odd integer,

then h2 is even

True or false?



Example :

If n is an
even Integer,

then" is even.

Proof
-

:

(Assume p is true
,

and show that & cannota



Example : (direct proof)
-

If x is even and
y
is odd

,
then

x+y
is odd

Proof : Cassume first part,
& directly reason

to get conclusion



Proof by cases
The book shows some basic proof bY
cases

,
but these can g

etmore interesting :

For all new
,
12th is even .

Proof-



Assumptions
Proofs written for publication can

assume
a

Lot of background :

Even some later in class can
be intense!



Indirect proofs
or "proof by contrapositive"

Recall : p-q is logically equivalent to eg
-> up

So : If peq
seems difficult, we can

instead

consider showingiqt up
is true

E : IfBut] is odd, then n is
odd.

Try direct
:



Instead : P
-

If But 2 is
odd
,
then kind
.

contrapositive :



Two way implications

Example : For anyNEL,
his odd>

2
is odd.

· Here
,
Le reads as "If and only if

"

· Sometimes written pa
so(pzq)1 (g

->p)

How to prove
:



Let's try :
For anyNEL,
his odd>

2
is odd.

Proof :

=> :

# I
-



Proof by contradiction : (or indirectproof)
Recall thata contradiction IS a logical

false
statement which IS alwayS I

-

EX : 2=1

X = X +1

Conside peg:
pea

I
Bad now : Want to exclude .

so : p119 is thing to avoid !



Proof by controduction
:

Assume prug , then
show some

logical contradiction
exists

then n
Example: If2 is even,

is even



Another :
- E is irrational .
Prove that

Recall : rational
means
-

Proof :


