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Show Bi has It modes :
-

Base case:
Bo 2-1 ~

⑥

IH : Spps Be has 2 nodes

Consider Bari :

IS: out of 2 trees
Constructed Bl :

of order k :

So
,
# modes

↳i
= 24+2 (byFH)

k+ 1
= 2- 2k = 2

En



Br I has
21-1

Bir :

↳Blat
k-(

# nodes =
2*+2 byFH

= 2 . 24 = 2k ~



Hashing
function h = [0, . .., U

-13 -> 50 ....,m-1)

Problem :

⑮ U is huge,
butI need

U to store
- somehow

Assumption : U is huge
↳ but we won't use

all of it!

from intro programming
: dict in Python

Example
h ("Star Wars")

= "Geoge Lucas"
-

- stre
,

Tall movies D
2 as- Gracs



ONatural ideas totally uniform Table : - 1- -

↑r Sh(x) = t3 =
+ #Ihept -

-

m
-1for some familye ofunctions

Note:Notardingcollisionanations ?

Goal : h(x) should be

- fast : OC1) to compute
-minimize collisions



So
,
how to do this?

① Make the key a #

② Compress # to [0 ...,N-]
③ Handle collisions

First idea

Frsomething like ASCII ,
can break

as bitist pieces + treat

Erin
Then

,
"chop" :

↓↓
69 +14=*



Problem : do we really expect to avoid
collisions ? tempo emplo
n /"Tom Marvolo Riddle") Listen silent
-

= h("I am Lord Voldemort)

↳ different orders

English not very
random

.

IS
-

h string has predictable
Long enoug patterns,



PolynomialHash Codes

Split date to 32-bit pieces: X
= (X0) ... , Xk-1)

-

Pick a #
1
.

Let p(x) = Xoa
*
+ X

,
ak2+... +Xk-29 + Xx+-

-

---- -

Ex : En (or 69, 185, 114, 110) and a =37 :-

p(x) = 69 · 373 + 105 :77+ 114 .3)

↓ 110 =#

Why? · relatively fast
· helps avoid (some)

collisions



Next : Compress

F
Idea : Take h(k) mod N

Recall : 3 mod 10 = 3

50 mod 10 = 0

14 mod 10 : 4



Example : h(k) = 1 mod Il

Air Vote
:

I et Y
8e dig
-

#
vac

(37, I)
(16, N)
(26 , C)
-

(S
, H)



Chaining : Simple strategy -
If h(x) = h(y), 2854-0

= 8
-

store both at fetisthis spot. starwars -
-

-

Let l(x)= length 9
00

a-90 +12- 38

of list at h(x)

Time:OD + ((x)) time to
do Iwas

X serch 13

How to analyze ((x) ? list

t probability



Note : Practically , don't need a
list :

↳ list
Vector

AU <free
: ODrlogan)

usually :just use list,Guya
expect

Also : Not saying O(i) time expected
In worst case!

That is OD + max((x))
Let

Not OG)

↳provably , more like logoglogin



Another Idea :
-

probing : If we hash to a "full"Linear
,

spot , just walk down to open one.

15 15/
-

wat

Issues : ·
· lookup )-)
↳ might take O(n) time

"

· remove)
to "mark", but

↳ need
can't actually delete



N

Example : h(k) = 1 mod Il quey 216duster

A 24C
(4,X)

quey
(12 , E)

Insert :

·
↳walk

- 21 God 11
= 10 aray

(2) , R)many unh)
(37, I) -> 37

mod 11
= 4

empty
(16
,
N) -> S spotGreport(26 , C) not in-

(S
, H)
-

clusters
- Then

,
remove(16, N) ?
-

Princy



Choose ab relatively prime

4 h(k) = ak +b
mod N

works!



Quadratic probing :
&

linear probing checks A[L(k) +7 mod NJfor j =1,2,
3
,
%
.

Quadratic :

check A[h(k)+ modN] where, or
n(lt(
n(k) + 4

Why ? h(k) + 9
- Avoids these "primary clusters"
-

↳stillm
n(lf) +9



LoadFactorsaod you use , usually
it

starts to do badly Ifn gets close
-=sizeofaray L # of dateto N :

Want .S insections

Rehashing :

When more thanthat full , most

implementations double the array size-
Still : not too bad :

think Vectorsa our

amortized analysis .)



Cuckoo Hashing Two hash tables
-

↓functions :-

Tz

~
· Maintain : X Is in h(x) or he(x)

To search :



Insert : Check h(X) :

If empty :

Otherwise : evict !

Cycle X + y
+> z ...

If runs too long :



GraphAnalysis : Cuckoo
C When are

8 B
we stuck?

Ta Tz

So : "random graph" no cycles,
a short paths.



In practice:
-

in ESA , 2001 -
I

->

z

-

-
T -



Dichmanes Cheshie)
↳ fend to be OX)

In practice
I for

Store entries

later seaching



Recall : Linear probing
Linear probing : If we hash to a

MI "full / spot , just walk
down to open one.

h(X) :-
S

#1

Wost case :

Expected :



If "good" hashing, each cell is
full with probability=
So, consider a run length R :

R= 0 If cell empty
R=1 If I full, it empty
R=2 If igistfully itz empty
etc

.

Pr[R <t]= Pr [cells i ... itt-1 full]
I

S



E[R]=EPr(RIE
what is this ?

=
=> E[R] =

# cells search if not present
:

E[r +1] =



In reality : "primary clusters"
do happen.

But : This can help !

Why ?



Caveat : Very active area
!

-

-
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