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First :
worksheets from last time?

A Basis : Os + ItSI -

T Recessive :C
-Fif wes, then Eso=>

S 15 an unfrate set!
- tw
=500, 10

We

let=1 : add0,
011
,
110
,
III
,

letwo
, 000,01, 10000,

1000, ,
let v=001

- - -
-

let v= 00000
-



Prove weS hasength.
- any on size of w: w/inducting
Base case : only length 1 strings
-

-
In S are 0 N1 because
↳ are no length2stris,a part
any = 3.has

Stringth
witS with 1wkk

# : for any ↑

S

then I w is odd.
In=k

IS ! Consider weS with

-
W had to be created using recersive-

either :
construction

,
so wis

Ow'O two for a witS.- --
-

On'l Iw
-



Since wes and Iwll <lul,
TH says Iwl) is odd,
-

then Iw = 21 + 1 ,
let

Now :1 wl = 2 l+ + 2
= 2(e+1) + 1
-

EX

I w is odd length A



Alternative : n=

induct on times recosve
rule

used to build was.
IS

BC : O times -> 01ES
Mboth are odd wh
is odd

then siIt : # times
, lengthTwisgenieurule

e k+ times :
= Ow0 w had
On 'I where voles

feuer rec
Iw'O ked
In't app
-

by EH ,
w has odd length
-Iw = 12)+2 so

also add.



If X my
are strings ,

Xyis X
concked wathy

I/

"hello" +
" !" "hello !

↑

y + y
= X

"Lello" + it "Lello"
*
E
,
the empty strong

" hello" ++
" !

" =hello !
"

II = V #EW
-



Build set Pi and (EP D(E)
basis ! +P s

IfMyEP, then (x)y +P
Yrec :
"(" + x + ")" +Y

P =D,
((

,
(1)
,
(((7,0), ...3

Infinite

set(z↓ I
②

y
= 1

: (a)() = (x)

:
: (i)



Induction :

(P(O)P(n)+ P(n+1)Yn= 0 ,

Stronger(0)
if(Vk En P(k)->p(n+1)



-> every string
in P has Heft ) right)Show

Induct on length of string :

Base case, EEP ,
so 1 wh = 0 Lengtho)
-left - O right

-

weP with
It : Assumeanystringsomeof-

-

IS : Consider any
wEP of length 100.construction :

know w came
from rea

some
X ,Y

+P sit . W = WY
Now
,
Iwl = /(x) y /So (x) dyl

are both
<K

have some
=> by It, both xY

# of (t) .



say
x has a land a (

has b (and b)
Y

some
atbett

then w = (x) Y-
so w has 1 atb of 6

and 1 + at b of J

=> same
#of (and)

D



Biney frees : ·modeverter

Fir Graph theory
;

~ o = (vE))
v

ru voies Tedges
G V objects :Ev - - un]

grep E is pas EveY,
withdesCal Cno &

.



Rooted free : not adj [viuj]
add parentfchild

root I · C :

lasu
o/o/bin dplackenUsers

root

↑
Rooted binary-> /IW-: do o

· grandparentmode hasea children /Nose
-2

the
root II)
-

Graph2 children
d per

mode



lists :

reci basis : empty list
one

element (had)
reci

- a list after
It

(faul)

E
toil
=E

↳a

D - D
+D + 4
-- -



binary tree : B
·

root
basis : -

·
> a

child
rea 1 : -
- ⑰-

⑨

rec 2 ! -
A

apply 1 +2 repeatedly
-> inGuea

Tate

B



O
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Next : Confusing needings !

Let's pause
on recursion-

I'll post something
else

covering
it soon,

Back to Big -0, -why we
cat :

Fib : of no ort,Th) =
5 =c
-

If n=2 : T(n)= runtime
ofyour Fib

for

T(n) =3 +T(n
-D++(n

-2)

T(n) =+(n-1) +T(n-2) +3



T(n) = T(n -1) +T(n -z) +3
-

↑ 3

-(n-2)-3)+3 T(m -3) +T(u - 4)+3

=T(n-2) +2T(n
-3) +T(n -4) + 9

1) 17

T(n -3)+T(
-y)+32(T(n-4) + 1

-

+35-
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Asymptotic Analysis
How can we compare functions?

↑ 1) Ex
a value + a

se

↑ camp
f(t) figHt)

- "

-O viewiI
-

big zoom outIt large)
sant

Is there a)
-> where one really 1

bigger



Big-O
Let f andg

be functions from

ToR
um

why 3

We say
f(n)= O(g(n)) if

I

constantsc and no st. H> No,

f(n) = cog(n)

Note: O(g(n) is
a set.



Example
f(x) = xz+2x+) is O(x2)

↑
roof : Find c and no , then

show

inequally holds.



General strategy
·Start with no

: pick it so can
estimate

size of f(n) for > no.

↳ often based on coeficients

·Then look for a constanta so inequality
holds .

Empl : Show f(x)= 5x2+ 25x
+ 3 is O(X3)

.



We'll wate f(x) = Olg(x)) ·
NOT AN EQUALITY!
-

· x2 +2x + 1 is O(xz)

· x2+ 2x+11) 0(x)

Redly ,
means f(x)ES functions that

are

O(g(x))3

Polynomials are usally
nice -> but

can do many
functions !



Ex : Sinx is 0(1).

E : n is Onlogan).



E Show that
2
is A O(n)

proof: hader! need
to show

-

-(7c7n
.

St
. An ano ,

nan)

Hv

VC andno
,
I some his no

with

Soi



Why do we care??

back to pseudocode (or
code S

-

we usually formalize the running
time

of an algorithm in terms of the
Il

number of "atomie operations·
(pp

G"1 clock
Examp les : cycle"

O load values to ag
str Diam

E0 C↓d 2
vokes

I E-"branch
we

S com)
& sub tracking TBchur
· multiplicat
:



Why count operations?
Generally,

the other way
to compare

speed benchmarking.IS -

But this can vary
even with idential

algorithms :
· different languages
·
def ↑

O

freuthadware

3-> different compa
les

Con
text

different network
conditions

· differentCPP load

-differentdata - 1



Ideally : we'd like an abstract way
to

compare only the algorithms, regardless
of context.

Why big-O?
↓
ator-

The same "operation" in a language
Ge a loop or function call) can use

different low level operations, depending upon
sor

,
etc.

language, compe , proces



Also
,
look at rates :

Consider :

Inlogn versus n
,
like when

Sorting a list of 10, 000 people



That limit definition

I did f(n) = Olg()) If not
a st .

Un > no, f(u)
= Cog(n)

Take that in equality :

So f(n) = Olg(n)) Ef



Bigb
Let- and

g
be functions from[**D

We
say
f is (gin) If
- positive constantsa and no

such that An> no
,

f(n) = eog(n)
"f is big-omega ofg"

Example : Sin is
M(n) :



Big-O IS

If f is Olg) and frlg),
then f

O.

This gives a way
to nicely "bucket"

function Size :



Theorem

Let pln) be a degreek polynomial ,
so

kil

p(n) =a +9+
M +...tG,H +Co

for constants as and
arto.

Then p(n) = Out
.

Proof :

B:



Bet :



this theorem ;
Using

Give bigDestimates
for :

· f(x) = +xS + y3 +2

~ f(x)= 20000 x 2 - 1000000x

· f(x)=2 -X+ 2


