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Voronoi diagrams
C-shapes
Chain complexes



Last time :

Nerves make good
approximations of a space
If is are

contractible

((B) GRg(B) =Gr(B)
E

We saw 2 : Yech & Rips complexes
ech : Rips :
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e

G
..

· -Fo e



Voronor diagrams
Given a set of points P in Rd
the Vorona ,

cell for site p EP is

Up = ExtRd(d(x,p)
= d(x,q)*g

= P)

This tessulates R o the collection of
cells is the Vorono diagram Vor(P)=&Vulnep



Why ?

Super useful
!

· closest paint queries

·Custering Jeof
· Shape analysis

Even variants for
other metrics on

R&:

weighted Voronoi

bi
distance

,

polygons



Why we care
The Delaunay complex

of P-

is the nerve
of the Voronos

diagram
:

Del(P) =50 Plu
-=Spqr]

Note:

still an #abstract
simplicid
complex!



-

Fact : The "obvious" embedding of
cometricDel (P) gives

a

g

simplicial complex :
drow

edgeyonlya

f
->

embedda I'll

partacrese

Note: no parameter r
here - Del(p) a Vor(P)

are fixed.



Why is it nice?:]
3

d

of saint set 1 <
A triangulation al
Is a geometric simplica

complex with

↓ set P whose simplices tesselte
poin

convex
hull of P.

the

Among all triangulations
,

Del(P) :
-

1) minimizes
the largest arcumarce

for Us in
the complex (R)

2) maximizes the minimum
ofAs In the completingin )

d

balls of R
3) All minimum enclosing 3
simplices are empty ,

a largest is minimized



Adding
r

back in

Let Dp := ExcB(p)(d(xp) = d(x,
Yq(P3

= B(p,r)nVp

The alpha complex
DeLCP) = N([Dp (pep)



Properties T
· Del (P) E DP)
· Del(p) = (r)
· Del
"

(P) has the same homotopy

type as the
union of balls

of

radius N

↓
actually
Lef
retract

.

E



The book covers 2 other types of

complexes : witness complex a

graph induced complex
. &

Both describe ways
to "spasify"

data :
h" subsamplingFind a "good enoug

of a part set
P:

take QP + define a
simplicial complex on

Q
-

(but using
P to build simplices
-



Witness Complex
What if a paint set is large?
↳ Can we find a "good enoug

ha

utresses f
subsampling ? O ↓Yedge O

Fix 2 sets :
↓ byt & · O

P : witnesses

QEP : landmarks g O

-

· A simplex GEQ is weakly witnessed

by XePQ if d(qx)
= d(x)
-

for every q0 and peQ16 .
- -



The witness complex W(Q
,
P) is

the collection of all 6 whose

faces are all weakly witnessed

by a paint in P/Q :

Here :
-

EW(PQ) because
q19
Pe weakly

witnesses :

d(g+pr)
+d(q ,Pr) are

closer than any other's

9.9293EW(P , Q) because
of P



Some facts
& Yo

· If QERs
GedeL(Q) Et

GiIn W(QR

· In fact , if QEPCR ,
then

W(Q
,
P) = Del (Q)

Why care
?

Pretty easy
to compute!



The tricky part :
Usually given

PER. How to

a
subset Q?

pick deSilva a Carlsson#
Two most Common ! O

furthest :

- well spaced
· Randomly
· Iteraturely add
furthest pants

Results ray
with

nose and how likely
outliers are,
-

- entr
of

-

Gurbas et al 2010
sea.
2.3



Homology : reminder of definitions

A field (k ,+, :) is a set K
with 2 binery

operations + and St
. Va

,
b
,
etK :

~closure : atbek and abek ~
- Commutahrity : atb

= bra and arbba

~ Associativity : (a+b)+c= a+ (b
+) ~

and a (bc) = (ab)

-Identify : OuEK
sit. Octa=9

~#i
1Ek s .t . Ara-a ~

~ inverse : Va 7-a St . at (a)
=On- get

Va7 at sit ala") =1 X ↓
- distributuity : a(brc) =abtac

*
↓ 2

Examples : YorN? (Rit,)
<Yes (t

,
t
,
)



Vector space
A vector space over

a field k is a set V
&

with Vector addition : Yv
,
w -V

,
v +weV

& scalar multiplication : Jack,
aveV

S
.t

.
It is . associative (H)

: (v+w) +X = v+(w
+Y)

·Commutatire (t) : Vtw
= W+

· idently (a
:
OveV & tak
Ot =V +V

= v
Sot. freY,

FEV st
.

UtW=Q
·in verse

(t) : TweV

· scalar mult : a (b)
= (ab)o

· 2 kinds of distributivity :
x +a(v+w) =

artan

M
(a +b) w = aw +bw



Examples :

-

· Vectors in
DV :

Xa

> addition : FTW+wa)= (VjVz)

w- scolar mult :I t=wisWa) au

· Complex numbers
: X+ My

set
v

↳field

· Funchin spaces1-
K 3

( + g)(w) =
f(w) +g(w)

· Matricesa linear maps



Bases

A basis for a vector space V
is a

collection of vectors EbaBatA
Sit

.

· They are linely independent
:

ifE ba =0 oNet it coefficient
-

then C =0.

· They Span
V :

EveV
,
JcaK St . Ebe

Note: All bases have the same cardinality ,
- called the dimension of V .



Goal : Build a vector space from
a

simplica complex

Let K be a simplical complex ,
a fix

a dimension p

A p-chain is
a formal sum

of

p-simliers, watee --
where K

Usually, each an - some field.(or ring) .

- T

# ample : 1 chain : 25a
,
e) +3 [ce]

* 2 chain : FSaod)



Adding Chains
If C= Eaig and =Ebidi

then

[ + B = [aigi
+Ebi

=Elairbilo Si

Example : 2-dim complex with

coefficients in &z= 50 ,
13

.

-

1-chain : ↑

-

A t
set of cycles
+ paths



Chain group of --chains
with addition

The collection I

is called the P
th-chain group Cp(K)

.

u

It is a
vector space

:

·
associative+: <

+)+Y= (x+B) + J

·Commutitre +: C +B = B + C

· zero : + c = x + 0= [d6
-

· inverses : How to build-2
?

2 = Zaisi-d=[tail Gi
T



LinearTransformations

A linear transformation
between 2 vector

spaces
V +W is

a

map
Tir-W
Y T

such that
:

dim n dim
n

1) T(u+) =

2)T(av) =

Representation
: A matrix ! Fix basis Vin :

v= EaiVi
4 v = []

then

--- = ()
mx1



Maps on Chan complexes
The boundary map

&: Cp(k)
-> (p .. (k)

takes 6 = [Vo ... > Vp]

-7 & [Vo ,...,j,]
Do

Here
,Ys means removing

Example: simplex j.

1) 6 = [VoViVa]
V

6 ((0) =
V. ·V

2)U([vovi] + [v .v])



Check linearity Let d= Laid and B :Ebisi

up(x + B) =

= Up(x) + Gp(B)



Choices of KI

Generally speaking ,
can study any

field I.
↳ or even rings !

But (following book) , we'll focus on z.
Why?



Let's try :

G, ([ge] +[be]) =

& [[ase] + [4e]+ [d] + (d))
T

82 ([acc] + [acd]) =



Matrix representation
U : G (k) -> Co()

take C= [ai6i

basis ?

w
.

= ( (



Chain Complex :

·- Cpr(k) (((C+
(k) t ... t

Note : VCE(p(1),
2 = Zai Si

Upo(t) =0.

Proof : For any p-simplex
6 :



Cycles
Any chain in the kernal of G
IS called a p-cycle .

Reminder : an element y is in ker(f)

If

Upt
Here : Cp+ (k)-+> Cp(K)

= (p- (k)

So : a set of simplices
that

,

after

Up ,

cancel each other
out.

The set of p-cyclesformsasubspecies



What is a A-cycle or 2-cycle?



Boundaries
A chain

which is in the image of

Ut is
a p-boundary.

Reminder : X im (f)
,
f: AtB , if

Upt
Here : Cp+ (k)-+> Cp(K)

= (p- (k)

& the set of p-boundaries forms

a subspace Bp(K)
= Cp(K) .

What types of things
are boundaries ?



Example :

2-bounday :

-boundary :

Another :



Note : Since UpPpt(d) = 0 XcE(+ (k)

=> every p-boundary is

also a p-cycle

So we get :



Example : Vi

-

k= Vo
V3

Generators of Ba(k) ?

Generators of E,(K) ?



Quotientspace
Take a vector space Vour

field F
,

and Wal a subspace.

Define ~on V by xryyeW .

Equivalence class of X :

[x] = X +w =

ye [x] =

Then
, quotient space V/W

is GE(xEV] ·



Fact : V/W is a
vector space

with

· Scalar multiplication
a[X] =

If ye[X],

· Addition :


