
TDA-fall 2025

Simplical
Complexes



Reap
·Don't forget "homework

O" email .

Chelping me target Some later

parts in
class .)

· HW1 : In I
week.

- cite sources (briefly
- Please type answers
- Submit on Canvas

· Office hours : Monday 2-3pm
Thursday 2-3pm

Cor just emal/stop by
!)



Correcting definition from last time

Csorry for confusion !)
-

Take pointsGo ..... an
ER +t : #R .

A point XEIRd is an
afire combination

of theais if
Eti =1 +
i=0 w

X=a 3
⑫

*
Convex combination : all :-0 .



The paints are afiraly independent
if for any

two combinations x
: Etia
A

and
y
= Eviai x=y ()ti = U: Fi .

1 - D

EEquivalently, Ay-do vectors arelinealden]-

In Ra : at most& indepenent vectors
= at most d+1 sants.I

:
-



Simplica Complex CEmbedded
or geometric)
-

A simplicial complex K <R Is a (finite)

collection of simplices in R"S .

t. ↑

·

every face ofa
simplaGK
·

· Vtek
,
Greek

dimension of K=maxm(G ⑭
Examples-

I* Di



Note : Abstract simplicial complex K
phya (finite) collection of (finite) non-em

subsets of a set
V=Ev ... Un] sit.

Gek and TOE TEK

alwa
Pfference : -not easy

abstractgeometra realization ↓
j F

V2 & V= 5 Viva ,Usu]
K= [5v .3, Evz], EvsS ,Sund,Inovs - IY SU

.
Vc)
,

SvzVaS
,
SV ,Va
,

= [v
,
12, [V ,VzV3]· Vu forgetembedding



Subcomplexes - skeletors

If L is a subcollection
of K that

contains all faces of its
elements

,

then L is a subcomplex

A sub complex is
full if it has all

pices from K which are spanned
Sim
by vertices in L

all

The subcomplex of
K containing

simplices6
with dim(6)-p is the

7-skeleton .

I

1-sketeton; T
graph



Stars & Links

The star of &K,St)
= EOEKIE =G]

charning : st(t) is
not a simplicaf complex.) st(i)
=u
-

The closed star SET)
Is the closure of Stt)

.

-

The link of t is -St(t)
= (k(t)



Triangulations
We say

a simplica complex K is a

trangulation
of a

manifold Mif the

underlying space /IP
is honeomorphic to M.

Note : If
M is a k-manifold,

dim(k) must
be k also.

↓

Useful facts :

frek
,

1st(v))= or
and ILk(us) = Sk

+
or Bo

·

Example.
E

d.m =2
-

aff ⑭



Simpliced mass
A map fil,

-> K2 is called simplica
If VE=Evo,VIEK,, we

have the

simplexf(t) = Ef(vo), .. ,f(vb] K2

-wf

Example : Simplica
?
w 8e

,

(a) f()
no

B

est e3
w Y-

Z No
Yes

11 : AtW D+Y
22 : A+ X

D+ z-

BIX
- BrY

c= Y
E +>Y C+W

E + Z



functionFact :I continuous
-very "b

g
: /Kl + 1k2) can be "approximated teY
a simplicial map f on appropria

subdivisions of
Kiakz. C

Here : for a point
xelkl , f(x) belongs

-

-

to the
minimal closedSimplex

Getz

that contains g(x) E Ikel
(1)

Two maps -9
Shown :

continuous g
a simplicial f



Paint clouds

Let X be a finite point set in a

metric space (M ,
d).
↳ often (R& , (2)
-

Note : topology is pretty boring!

|XI
&

O

O

O
e

o
P ·

A

&

g



Let B(x
,
r) = EyeM/d(x,y) = r3

150 these are closed)

God : Study how these balls interact.

⑫

Note: there isn't a single correct v !



Given a finite collection of sets

I = EUaSceA
,
the nerve of I,

N(U)
,
is the

simplicial complex
with vertex set A

S

where Exo---,]EA
is a k-simplex EN/EL) V=Ga

,
b
,
<
,
d]

--

E

Hao--MacFa --·j-
3 SetsintersetGabieN()



Check: This is all abstract simplicial
-
-

complex.

NeedIf 6EK -T 6 S=>TEK

Here : If 6 = Eto , ..., [in]

=> Uno 1 ... nUa#
OC Why does any

= 6

m⑳ also spear?9
sub-1 also has

any
#P



Some examples to try :

unv
js
↓ t f haseats

O

· nev
Difference: balls somehow reflect topology



Nerve Lemma

Given a finite cover I Copen or closed)

of a metric space
M
,
the underlying

space IN(2)/is homotopy equivalent
to M if every non-empty

intersection

K

1 Uc : of cover
elements is homotopic

i=0

to a point (I .e .
is contractible).

↳balls work, not recessary

Why we care : If cover has contractible

Intersections , the nerve is a good
proxy for understanding M.



But : lots of ways to take open
sets around points !
(And lots where intersections

are

contractible.)

We'll focus on several popular
ones :

~

metc-ce
oh complex J

- Victoris-Rips complx

-

Delaunay complexRE-Alpha complx



Tech complex :
Let PC(M,d) be

a finite point
cloud, &bx

some <O .

The

Each complex is

C
*

(P) : =[Pl /B(x,r) + P3X

= N(GB(x, r)3x =P)
Example:

Vega,be ,d ,
el

Spoints Gal,

Gab, , ---RT
in

↑
d = bz
1



Warning : C(P) is an abstract
slic complex !

sim
The"obvious" map into Red does not

cometric complex .
always get you

a g

What breaks?

abstract complex
->

4 points ⑨

in
R2 : *"Close

simplicesin
- can
take

centers simplices
& nor



Rips Complex
Given PC (M,d) a

finite point
set

in a metric space,
a r> O,

VRY(p) : = So <pd(pq) = Ir-
-

Xpqe6]
Example :

wir un

↑ wir

·



Relationship
Fact: The Rips complex is completely
determined by its 1-skeleton.

=>

Why care? W computation !

-Rips-Cechlemma F cloudpem,
d).

Given a point
fr >O

, )C
Proof: gromy



Voronor diagrams
Given a set of points P in Rd
the Vorona ,

cell for site p EP is

Up = ExtRd(d(x,p)
= d(x,q)*g

= P)

This tessulates R o the collection of
cells is the Vorono diagram Vor(P)=&Vulnep



Why ?

Super useful
!

· closest paint queries

·Custering Jeof
· Shape analysis

Even variants for
other metrics on

R&:

weighted Voronoi

bi
distance

,

polygons



Why we care
The Delaunay complex

of P-

is the nerve
of the Voronos

diagram
:

Del(P) =50 =Pluto

Note:

still an

abstract
simplicid
complex!



-

Fact : The "obvious" embedding of
cometricDel (P) gives

a

g

simplicial complex :

->

Note: no parameter r
here - Del(p) a Vor(P)

are fixed.



Why is it nice? d

of sant SetPCR
A triangulation al withshad complex
Is a geometric sim, tesselte
↓ set P whose simplices

poin
convex

hull of P.

the

Among all triangulations
,

Del(P) :

minimizes the largest
arcumarce

1)
for Us in

the complex (R)

2) maximizes the minimum
ofAs In the completingin )

3) All minimum enclosing balls
of

simplices are empty ,
a largest is minimized



Adding
r

back in

Let Dp := ExcB(p)(d(xp) = d(x,
Yq(P3

= B(p,r)nVp

The alpha complex
DeLCP) = N([Dp (pep)



Properties
· Del"(P) = DeL(P)
· DeLC(p) = (r)

· Del
"

(P) has the some homotopy

type as the
union of balls

of

radius N



The book covers 2 other types of

complexes : witness complex a

graph induced complex
.

Both describe ways
to "spasify"

data :
h" subsamplingFind a "good enoug

of a part set
P:

take QP + define a

simplicial complex on
Q

(but using
P to build simplices



Witness Complex
What if a paint set is large?
↳ Can we find a "good enoug

ha

subsampling ?
Fix 2 sets :

*

P : witnesses

QEP : landmarks

· A simplex GEQ is weakly witnessed

by XePQ if d(qx)
= d(p,x)

for every q0 and pEQ16 .



The witness complex W(Q
,
P) is

the collection of all 6 whose

faces are all weakly witnessed

by a paint in P/Q :

#
EW(PQ) because

q19
Pe weakly

witnesses :

d(g+pr)
+d(q ,Pr) are

closer than any other's

9.9293EW(P , Q) because
of pi



Some facts

· If QERs
GEDeL(Q) Et 6 Is

In W(QR

· In fact , if QEPCR ,
then

W(Q
,
P) = Del (Q)

Why care
?

Pretty easy
to compute!



The tricky part :
Usually given

PER. How to

ack a subset Q?

#I deSilva & Carlsson
Two most Common !

· Randomly
· Iteraturely add
furthest pants

Results ray
with

noise and how likely
outliers are,

-Gurbas et al 2010




