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More on Reeb
Graphs



Reeb Graph Definition

Given a function f :X
+R

,
define an equivalence

relation - by Xny If : · f(x) =f(y) =9

XuY fE Rf · X +y In
same

# connected component
of level set f (a)

.

-
---[x] be ego.>

-

a
--

= -> C class of X :

EyeXlyrx]
&

The Reeb graph Re is the quotient space XI.
Let:X-Re

,
X+ [x] be quotient map.



Induced map : Rf -R

Rules
motorc

Define

00F : RA-R

&
-

= E [x] +-)
⑧

&

Of
End result : a Reeb graph is a groph
with an R-valued function



Discrete versus continuous viewpoints

Graph 6=(VE) "Topological" graph
V : vertex set

· Verhas

E= edges T ESn ,
vi) · Edges

I interval

ureE flu) flu) E ssentially , a I-dim
I-tim I strated spaceEssentially ja licid onabstreet simp ↳ I manifold

complex except at
singularities#function f : defined on interpolateo Vvertices · f(v)

↑ nfcul S



Vertices in Re

Given a mode XeV (where V= V(Re)),
--

· up-degree of X :
of edges XU

where f(u) > f(x) &
&

· down degree of X &

# of edges Xn ↑ · --
where f(u) < f(x) · ·

A node is

· regular Ifupdonlyconsideeas
-

Sdown degree both =1
· critical otherwise
-

[Aside : Why] -



Types of critical points may
A critical point Is a **

-
downfork

· minimum
if it has down-

degree =O :· maximum if it has up-degree=O ·· a downfork .
If it has

down-degree -1 ⑯ Bains
· an upforkif It has

up-degree > 1

Note : a degenerate critical point
-

have more than
may of criticality

one type



Persistencea Betti Numbers
Theorem : For a tame function

f : X-IR
,

-Bo(X= Bo(Re) and B .
(X) =BR.

-

- -

Why? Look at
"standard" persistence:

-
-

⑨

⑨

·
⑨

o

-e
&

1

O-dim :
2 points

2

3 parts1 dim : I

2-dim : A point



Special settings : 2-manifolds

Theorem : Let f: X-IR be a Morse
sact 2manifoldfunction on a connected comp

Then if X is orientable , &

BRA) = B i (X)/2
If X is non orientable,

B, (Rf) = Bi(X)/2

Recall :



Leads to an interesting classification

of cycles : horizontal
verheal versus

with respect to f)
· gives improved algorithms-Day-Wang 2012
·a applications to
surface reconstruction

#metal2008



Simplifications
If X has no He

,

then resulting
graph is called a contour tree :

-

Agarual et
al 2014-

Why we care : usuallyfaster



In fact, simpler versions of Reeb graphs
are very popular In Visualizati-

&more applied work
:

↓
-

↓ Of

- I I I
-

O I
↑
-

·

Margate
to of sublevel ant

serlevel sets

↳· Split trees : Same but s-
-

-

-



Yan ef 2021↳Some examples : a
A
survey
-

Grange
e

#asy et al 2024

-

⑧

-

-

Lietal 2025-
->



Computation
Given a simplical complex K + a

PL function f : 11- >R ,
Re depends

2-skeleton .

only On
-

affect levelset
whi ? won't

#
Augmented Reab graph

:

7
H -
->o ↓

->o
E ↑ f-
-
-



Sweep-line algorithm: m)Om log
·Sort vertices by f tof simplicesof dim 2
· Track connected

components
· Graph changes
only
at vertices;

o then only
at simplices adjacent to vertex

Data structure :

Track "forest", allowing edge
insertion -
removal

↳ dynamic trees , so

Ollogm) ech update



&

Question : Given 2 Reeb graphs , how to

compare them ?

Goal : At least an extended pseudo metric:

1)d(X ,
X) = 0

2)d(X ,
Y) = d(Y ,X)

3) d(X ,z)
= d(X

, Y) + d (Y , z)

Weaker than metric :

-extended : could bea

- pseudo : d (x
,y) =0 X=Y



Moreconsiderations :

①Stability: "Perturbed" spaces
should

have small distance : d(RaRs)= Ilf-gl)

②Discriminativity : How well can it capture
-

differences compared to alternatives , or some
baseline?

⑤ Isomorphism invariance :

-

Can we have Rg =Re E d(Rg ,
Ry=0

+ tolerance① Path componen--
For some measures, d(Rg ,Rf)=

A

↳ different# of path components.

③ Universality: (more later...



Options Several have been
studied.

EnterleavingEditdistances distances
-

Based on more
Bused on more

combinatorial algorithms, categorical approach·
modided to use weights
-

Functionaldistortion Bottleneckdistances

Based on Ideas Bused on persistent
from Gromov-Hausdorff homology of the
distances. I Reeb graph.



Surprisingly ,
these are often related !

Lets look more carefully
y...



Bottleneck distance-
Based on persistence or

extended

persistence
of the Reeb graph

out space) :CNOT In)

Recall :
T



Back to bottleneck distance :
-

To compare two
Reeb graphs , can

simplify to their diagrams a compare
those

A vote : - Allowed to match any paint
to diagonal .

-

Types can either matter (graded dis)
or not matter (ungraded db)



Examples :



Examples:



Bottleneck pros-cons
:

-

-- Stable [Lohen-Staner et a 2007]

extended persistence- Can compute I
- then its g

cometric matchings.quickly ↑&Efrat el al 2001Csub quadratic-see
↳2016])Lerber et aland [

- It is not isomorphism
invariant

are more
- All other metrics#discriminative [Bauer

et al 2014]

- It is not path component
sensitive



Interleaving distance :-
Takes a categorical sant of view:"

set valued cosheef,
Reeb graph is a

F : Int -> Set

I= (a
,
b) To (f"(a,b)

↓ ↓ F [I25]
J= (c ,d)
->To(f

+ (k ,d))

C a



SmoothingaRob coshet
return Sa(F) : Fut -> Set

(a , b)
-> -f (o(a-2,b+2))

M

Result-
a different

Reeb co-sheaf,
related tou original

f



Result InSivaet al 2016] , they-
connect this to the thickening funcfor :

& &Reebgrabe
T --

-

-

-

Result: Nice connection to a geometric
notion of similarity.



InHerleaving distance : Why
do we care??

Given 2 Reeb cosheaves

F
,
6 : Int -> Set

an E-interleaving is &
and ↑ such

that the diagram commutes :

F -> SF- Szaf
E

X: --
C-> Sc6-SzaG

Reeb Interleaving distance
is

d (F, 6) = inf GEz0) 7 a interleaving?



Example-
Bad E : Good E

· ⑧

-

To I



Interleaving distance pros a cons:
-

[Bauer et al 2015]It is: - discriminative-
- Stable

- path component sens , theE - isomorphism invariant
↳ [de Silva et al , 2016]-

Unfortunately ,

It's Graph-Isomorphism
hard to compute.

↳Essentially ,

can use O-interleaved

to check for graph isomorphism.



Eidistances :
Edit distances are well studied for

strings and abstract
grap

hs
.

&

-↳see [Bille 2005] for the may
variants on graphs.

In a graph , usually have :

· verten insertion/deleton
· edge insertion/deletion

and some cost associated
with each operation.

Total Edit distance
= min[[(edit costs]]



Edits :
In Reeb graphs , only certan edits

will

correspond to topological deformations
on original space.

-[Di Fabio a Landi , 2012 and 2016]
· insert

· delete

· relabel

ok-type

(Reason : Morse theory
!)



Downsionly compare honeomorphic spaces,

originally.

Also a more subtle
flaw : can pay less

by infinitesimally shifting vertices, Since↑

relabels cost max of operations.

&



IgoricaleditdistanceBaueret al 2021]

Instead of "direct" edits to Reeb graphs,
goal it to find a sequence of topological
spaces making this diagram commute:

Then
, pullback (or come) of this diagram
must exist , a can measure how much

S

things more across the maps.



Example :



#ternative:



?goricaledit distance prosa cons:

It is :
- stable

-discriminative
- isomorphism invariant
- path component sensitive

and universal :
-

for any
stable distance S,

ds(Rf ,Rg - de (Re
, Rg)
&Bauer et al 2020]

Unfortunately , no Lea how to

compute it !



Fukunddestartusdorff idea :

given path
it,

Height of a path:

:maxf(x) - minf(x)Xπ Xt

d(x
, y) = height of
smallest such



Point distortion-
FIX maps P

: Rs- Rg
: Rg->Ra

Continuous , but not function preserving
G(4

,
I) = E(X,Y(x))(x + R+3

UE((y), Y) /ye Rg3
Paint distortion

x(x,y) , (x , y)) = E(df(x,x)
-dg(y(y)

Map distortions
supremum

over all pairs of points
of the point distortion



Example

Two possible & , 4 maps
:

worst pair : ↓s ,
be) wlaziba) WorstPard Camba)



Functional
-

de start
infmax[D( ,4) , I/f-goto , 11foY-gllo]
P



Examples :



Functional distortion prost cons
-

It is :
- stable [Baueret al3↳2014]
- discriminative

- somorphism invariantE bath component sensitive-

I↳
[Bauer et al 2016]-

NoIdea if it's computable in any
efficient way :

for even at all , except on

trees ! )



Take-aways :

① This are veryconnected :

In fact , we
conclude our

survey
with a conjecture :

~

-
Cup to constant factors)



② they do capture
different types of

features, even though there
are connections :



③Computation of metrics:-
The real negative :

all are "Hord" on general Reeb

graphs .




