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Extended
Persistence (onID
+ Reeb graphs



Rep
· Paper Chase : due October

11

(sorry for typo'
on webpage!)

· Next assegment will be
final

project propose
· Shorten ofe hours today



Extended Persistence
Odd parts of persistence

:

- paints at infinity
- some Morse critical points don't

seem to matter
Ho-cycleV

j)



becomes obnous on Reeb graphsReally Cmore nextweek)
HaHo ↑

a

a
=I-an - ⑨

Gre-G, 7(

au
->

Persistence diagram M
f

what about the rest !



-Agarwal-Edelsbrunner-tarer-Wang 2006

= Cohen-Steiner, Edelsbrunner,
Her 2009*

Use relative homology to
find other

critcal points, I get better pairing.

Relativehomology Ex LEK

Define (p(K,
2) := Cp(14)/(p(L)

· [a] =GUEc(14)(a+U =Cp(4)]
extend to homology.

Then maps

Remember a month ago?



Fun fact

Let K
*
= KvEx]vSQUEM/GeL]

"coned off
"

-
Tetrahedra:

Theorem :

Hp(K,L) = Hp(k*) for pso
a Bo(K ,() = Bo(K-1



Here
,
we want to look at relative

homology of the superlevel
sets :

Given f:-> R

Ka = G6K(f(6) [a]·( =SotK (f(0) = a] W
& study Hp (K , (9)

(as well as Hp(ka))



portant bits? ("Cone off" KayWhat are imp
Creusted)

Ho(k) minus 1

↳
1-10 1-1-0 O O O

(- + O

·
as optE⑱



Extended persistence Module yregularasistence
&[p(Kai)-> Hp(ker) -+ ...

-> Hp(ken)
S
HK*)- . . .- Hp(k, Ka)

* relative
superlevel

3 kinds of points : set homology
· Ordinary : usual in PD
· Relative : born

a die on way
down

· Extended : use both



Hp (a)-> Hp(kar)-> ->ag

- 96
- an

---- > Hp (Kaz) -- as

S
-Aus

Hp((* -> Hp(k)
-Gz

=- as

S - as

Hp (1K
*

) -> Hp(k,Ks)
<B - 0S

-- Hp (K
,
1
*

)



Points in diagram :

Hp (ka) +
- - -

> Ho(km) -> Hp (4,K* +---+ Hp (1,K
2

)

Ord : Starts a ends in1st half , so
(a,b) = a

<b

Rel : Starts & ends in 22t half,
(a
,
b) =b < a

Ext : starts in 1st half, (a ,b)
either

- ends in 2nd half
E ach

w -> ext or bas ↓
(anan) -

↳
-

ORD-I
&

·looppeIS

~
"Rel (exts
-



On graphs
down

& T forks
-conn comp8- - loops

O0 -reli

·O Q
O upforks
g

Y



More generally : on manifolds, get symmetry
⑨ Ho

condary+
extended)
· ordinary

H1
i relative

H
2

relative
H1

Under the hood :

· Very beautiful combination
of hefschatz

& Poincare duality (that2010 paper)
Turner-Robins-Morgen

· Some more algebraic conectionsE2022



for Georges Reab &Reeb Graphs (named Er1946
by Reve Thor)

Recall : level sets

Given (PL) f : /Kle,

a level set is fo()

for aR

Ensider

f
f

+ (4)



Practice : What is10)?

· ⑪It

f" (1-y , 10) f
+ (910 ,2)



Answer: just in case!"
s

↓
⑨JI On

D Forus:

2

vixe--
&M B

B M

sublevel set f"(c))



Recall :

A space is disconnected # - disjoint open
sets U,V with X = UoU

↳ otherwise
,

connected
oorent is a maximal o

A connected cam
subset that is connected -- 37

A contour is a
connected -

Icomponent of a
level set

r
= - 2

Q : How do contours change
w

a level set changes ? =[
--

0



Back to triangulation :
f+ (8) f(9)

#S
GofY &

What shope ,a how many components

C recall +" (10) a few slides back had

2 contours)



Equivalence relations
- quotients

relationw on a
set T is on

A binary relation If Va, b,
ceT,

equivalence
· aa [relexive]
·arb 6 ma [symmetric]
· If arb abc = Gra

[transitive]

class of a under

Equivalence
[a] = GxET/xwa]

On a topological space with
an equivalence

relation, 9
et quotient map q(a) = [a]

(and U is open <G"(0) is open)



Reeb graph equivalence relation
Given function f :X-IR.

Define equirrel .

~

Y by xry Iff :

· f(x)= f(y) = a

-
a

· X &y
are in

Y
some connected

component of
level set f"(a) .

XX Y ,E

y -z



Reeb graphs
X Ro · Let [x] denote

the equivalence
class of XEX .

#
- · [X] · The Reeb graph

Ro = R(Xf) is

the quotient space
X/n

↑ W
·Let : X+ Re

,

X-[X] be the

Y quotient map
-



Niceness assumptions

If input is
"nice" (both X #f), then

-

Rf is a graph
.

· Morse function on compact manifold
-

-
· PL function of compact polyhedron
· others..

Budexample : · Rs

Hausset* - - -

Non-dorff
① &



Applications : a topological signature
E no3Pascucci et al

=S ↓

Ei I

-

/ Note: a but of a he in this figure :
no embedding ! REI R-values


