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Reebtries



Rep
·This week: Real a mapper graphs
· Next week: no lass

· Paper chese: due Friday

·Next assignment : after break

Final project proposals



&

Question : Given 2 Reeb graphs , how to

compare them ?

Goal : At least an extended pseudo metric:

1)d(X ,
X) = 0

2)d(X ,
Y) = d(Y ,X)

3) d(X ,z)
= d(X

, Y) + d (Y , z)

Weaker than metric :

-extended : could bea

- pseudo : d (x
,y) =0 X=Y



Lots of well-studied metrics !
-Bollen-G. -Levine-Munch 2023

dis : bottleneck (last time)

di : interleaving Cont.)
deD : functional distortion

de I Editdistance



Interleaving distance : Some category theory
A categoryC consits of objects (X, YE, eta)

with morphisms (t) between them , schsfying
some

"niceness" properties (associativity, Identity)
.

Examples Objects Morphisms

"Set" Sets functions

Vector Lea"Vect" spaces Transformsturs

"Top" Topological Continuous Maps
Spaces

"Int" Intervals [

(a ,b) T



Interleaving distance :-
Takes a categorical sant of view:"

set valued cosheef,
Reeb graph is a

F : Int -> Set

I= (a
,
b) To (f"(a,b)

↓ ↓ F [I25]
J= (c ,d)
->To(f

+ (k ,d))

⑤
&

&

C a



Definition : "Real" is the categorywithosms
Reeb graphs as objects , a more
as funchun preserving maps if

function preserving map
: -

- : (X, f) + (Y,g) #
X-8 ·-O(x)?
I

is a continuous
·.. ecs⑧

map
Sit . -Y
eRed X->YRebp

- -

-tpotoitalwaysN

commutes. exist!



(Definition
SmoothingaReb co-she. .

by example)
G

G
↑

O Given CG
,
f)

G
g

X O ·Thicken :- (2)↑ f : Gx[2]+Rxt)+t

⑮ fu
·Take Reeb

graph of
(6x[-E,8], fa)



Resultof smoothing : Sa(Gf) :

· loops get 22 smaller

"stretch"
· Max & mins

Munch, deSilvs*apotel 20



InHerleaving distance : Why
do we care??

Given 2 Reeb cosheaves

F
,
6 : Int -> Set

an E-interleaving is &
and ↑ such

that the diagram commutes :

F -> SF- Szaf
E

X: --
C-> Sc6-SzaG

Reeb Interleaving distance
is

d (F, 6) = inf GEz0) 7 a interleaving?
-



Example:
Good & : (largetBad E :

·o ---
o g

↓
⑧ I -O ~

⑧ O

G- found4no
interleaving showing ove

interfeitsthis
13



Interleaving distance pros a cons:
-

[Bauer et al 2015]It is: - discriminative-Y
- Stable

- path component sens , theE - isomorphism invariant

↳ She Silva et al , 2016]
5-

Unfortunately ,

It's Graph-Isomorphsaod)
hard to compute. Not

↳Essentially ,

can use O-interleaved

to check for graph isomorphism .



distortionFuckonGromov-Hausdorff idea :

N

Height of a path:
given path

it,

maxf(x)-min f(x)
Xπ Xt

smallest·d(x, y) = height of



Point distortion :

Fixmaps P : Rs- Rg
-

↑ : Rg->Ra
Continuous , but not function preserving

Note: Many choices here!



G(4
,
I) = E(X,Y(x))(x + R+3

UE((y), Y) /ye Rg3
Paint distortion For

(x, Y) , (xiy') E G (14) ,

x(x,y) , (x , y)) = E(df(x,x)
-dg(y(y)

-at()
·Y=

-



Map distortion
-

supremum
over all pairs of points

of the point distortion

Note : all depends upon maps YOD !

El

#B

↳ B



Functional distortion
-

drp(Re , Rg) =

infmax[D( ,4) , I/f-goto , 11foY-gllo]
P

me um
Map global
distorbon rescaling
Cintrinsic &
to graph



Examples :



Functional distortion prost cons
-

It is :
- stable [Baueret al3↳2014]
- discriminative

- somorphism invariantE bath component sensitive-

I↳
[Bauer et al 2016]-

NoIdea if it's computable in any
efficient way :

for even at all , except on

trees ! )



Eidistances :
Edit distances are well studied for

strings and abstract
grap

hs
.

&

-↳see [Bille 2005] for the may
variants on graphs.

In a graph , usually have :

· verten insertion/deleton
· edge insertion/deletion

and some cost associated
with each operation.

Total Edit distance
= min[[(edit costs]]



Edits :
In Reeb graphs , only certan edits

will

correspond to topological deformations
on original space.

-[Di Fabio a Landi , 2012 and 2016]
· insert

· delete

· relabel

ok-type

(Reason : Morse theory
!)



Downsionly compare honeomorphic spaces,

originally.

Also a more subtle
flaw : can pay less

by infinitesimally shifting vertices, Since↑

relabels cost max of operations.

&



IgoricaleditdistanceBaueret al 2021]

Instead of "direct" edits to Reeb graphs,
goal it to find a sequence of topological
spaces making this diagram commute:

Then
, pullback (or come) of this diagram
must exist , a can measure how much

S

things more across the maps.



Example :



#ternative:



?goricaledit distance prosa cons:

It is :
- stable

-discriminative
- isomorphism invariant
- path component sensitive

and universal :
-

for any
stable distance S,

ds(Rf ,Rg - de (Re
, Rg)
&Bauer et al 2020]

Unfortunately , no Lea how to

compute it !



Take-aways :

① This are veryconnected :

In fact , we
conclude our

survey
with a conjecture :

~

-
Cup to constant factors)



② they do capture
different types of

features, even though there
are connections :

We consider

4 simple graph
classes , to find

differences
:



Mapper graphs
Idea : Approximate Reebgraphs
Won't always have

a P2-space !

What about point
clouds?

Idea :

· Give R-values to dots

· Use a cover ofI

· Cluster into components
a build a groph



More details :

A cover of a set X is a
collection

-

of sets M =EU -, U2] st . X- UHii

open cover-> each
Un open

E : St
U,

- -
Cover : Wal UzO 8

6Uz



Let's start on a simplicial complex :
R
contained
in

var

· Given f : (k)-> I ↓

· Ex a cover Ha,

U = [Uc] ofR Fu Ioverlap

· The collection Kensets
f(u) = Ef"(ual3

↓

-

is a cover of D Dia
X .



Mapper for simplica complex
(port2)

· Let f"(U) bethe

cover which splits sets
into connected components

·Then, Mapper is the
nerve ofthis cover

Recall : Given a finite
collector of Sets tin
iL

,
the were is

Nrv(1) =EXEFIUE



Let's try :


