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Rank inverantsf

generalized
BettisDDs

.



Last time : Representation theory
1

Directed graphs,
P

. +Q z quiverTvertices edges
↳ Realization : edge avector ↓
each verten gets h() = in
space over field Kregte t(a) =Vj

each edge : liner may



Quiver representations are like rector

spaces :
· They contain a O object

↳ all spaces &maps
=O

· They have a bi product , thedreatsum :

Ve : spaces VeWi , EQ

maps VaQWa =(
· Every morphismI

:-I has a

Kernel : (Ker Qizker bi

Las well as image + colrnel)



A non-trivial represen tation
I is

( called decomposable if it is
his to the direct

sum of

isomorp
2 non-trivial representations.

(otherwise indecomposable .)

Back to persistence for a minutee ...↳
IV=



Let k= End do Ho :

H

↳[t] !- I 1 1 Idecompose : ↳ --1 L+-

⑦ O : -0 - 0- 0 + 0-0-②
E
I o 0 O

① 08030-↳
+0+0 -0

&

⑦ 0 : 07 0 ->



Central question
Classify represen tations

of a given
shism

.

o to isomorquiver Y-
-> lusually allfinite fiedim]

Deone
dim W= (dim U1

,
...

dim Un)
-

To vector n

and dim WV= Edim Vi
i=1

handle on this?How to get a
when dim is finite,even

these get"wild"



Krull-Remak-Schmidt Theorem
Wedderburn 1909

,
Remak 1911

L
A #Schmidt 1913 , Krull 1925

↑

Assuming
Q is finite

,
for any

Verep(q) , 7 indecomposable
-

- sit
.

just
J

represen tations
Va

,
. . .V & ulpercodessaw

WV= N0-Vr .

other undecomposable

&
Moreover, for any withVes

2 .
I1

,
.. Is

-reg
must have res and the Wis

Y are permutations .TVj &



So - to classify , need to understand
↓characterize indecomposables.

-Gabriel's theorem 1972

Let Q befinite quivert ↓

k a field .

Then
,
Q has

a finite of classes
of

in decomposables
# Q is Dynkin .

Why surprising?

Ka t areirrelevant



Back to persistence
kin

Why we
still care? notpym

=

since not Dynkin in general,

Gabriel's theorem doesn'apply
=> Q has infinite # of

Komorphism classes of

indecomposables.
Result : no barcodes



Invariants Carrier subgraph :
-G-Letscher 2019

Up to chace un

generators :

blue
a

red - pinkY

-turquoise



Biparameter filtrations again
① Dimension Funchon

eacha2 to dim (Ma) :
Simply map

2 111

= 2311

Did 1111

pros : easy to compute +Visualize !

Cons : no notion of lifespan
or persistance



② Rank invariant

For each liner map Ma-Myc-

compute rank (MatMp)
.

Note : lots of these
!

↓
O

⑳
Y

bipersistence modres nxn grid+ posite



An example to illustrate issues + concept:

Let P = 50 , 1 , 23 x 501,232 RB

with usual P(0,0
-0- O (2,2)

partial order : ↑ ↑ ↑
O-> O#(j) = (i,j')

10 ,18
-

p ↑*- ① - 0 -
0

Es it djijn
(0 ,0 (10 (2

,
0)

Let's build a bipersistent module
as

direct sum of 2 rectangles
:

I

⑰ Shij) (v + 90, 1 , 23 , je 50 , 73]-

-
-

& &(ii) /it 4123 , je 30, 1
, 23]



0 - 0 - 0

Example continued : op of of

For each p=(i ,j) , kk=
k

It
#p) =SUPER = KEK
B(p) = &k ifPER 0-k - 4

up-= K
N N

- all maps
either op O k - K

O or 1 0 Is
-

- ↑ ↑

k + 1 -> k

Let M = AB ↑ a a

- k- > k - k
-
KXK



dimension grid here : o
O k k

K k2 k2 => 1 . 23

k k2 k2 I 22

Rank inversant :
V pEq ,

defined as

ranki (p ,q) = rank (p- q)

Here , rank (p + q) =
dom of map

↳



So
, trying to compute : · · B

⑧ a &

fix q (2 , 2) ⑨ O

gRa , but ge Ra RA A
RB

Then consider all ps .
t . peg :

rank (peq) = ranke (p +g)
+ rankp(p+q)

wid
so : rank(p)=



Another: fix q
= (2,1) & & &

O O⑳
O &

O

Ra *
Ris

Now ,all&
rankq(p)=2
=ranka(p+ g)

O

- rank(peg)



This still (in a sense) measures

"homological fectures
in p that
-

persist until q"
But : non-isomorphic modules

can

share rank invariants
↑Can't have"good barcodes"

Let's unpack why..



"Good" barcodes : what we means

Consider a multist of
subsets of

Pr a "barcode"
standard : Mo- M

,
t ---

->Mr
-Im >I
-

in multid :-

#
Say if is good of XX = Y,

Rank(My+ My) = (St B(x, y +S3)
↳ elements w ty



-21 modules are Botnan-Lesnick 2023

not good : O

An example :
-

O

Suppose Bis =>

- id
a good barcode :

O

0

know :

Rank(M) = Rank (Mco-Mcc ,
2)

- =

= Rank(M-M = I

What must B contain ?

at least one set per pair
listed



-
Need

(o, 1),) &I
-

=> if () , (1 ,2) E J
(1 , 0) ,-K

-

& I
,
J
,
KEB

But dim Mai = dim Ma = 1
> &

= I =J=K a
all # pas
included

Contradiction:

What is Rank (Mcon-Maz) ? O
=>

VI

Any barcodeBlacks this goodness"



Note : This is a module whose rank

invariant is not equal to the rank
inveriont of any interval-decomposable
module.

But : is the difference between
-

rank invariants of 2 interval

decomposable modules !



This can be useful

↳ but not unique :



③ Bigraded Betti Numbers- -

-

Essentially , for
each (b) = /N

or relations
record new generators
that appear

ot (a,
b)

.

Bo ,
(a,b)

= # of new homology classes

born↳ Bilab) = # of independent
relations
E

Ge deaths) of
(a
,b)

relhurs

& - Br ,
(b)

= # of relations among -

at (a ,b)

etc .



More complex
What is Ba ? relations !

-S ⑰Bi :

Bo &. B

& at (1,1) : B2,11)
=

- decthat
P x9x blo2 some

#di *
at 10, 14 : death

& (o,1)
= /

at 1 ,01
: death

(1
,
0) -q & ( ,

07
->

*(0, 1)
~

at10 ,0):birthin
t

(0
,0) Bot



New trends connect this to something
called the Mobius inversion ,

Patel 2018*Patel -Skraba23
- Uses invariants from classical

combinatorics

In addition, algebraic
generalizations

die

being developed

#mMemoli 2022



-Vizualization : Rivet Lesnck-Wright 2015

Interactive tool for 2d filtrations .

Bigraded Betti
numbers :

· user selects a line
LET

· software displaysThe
barcode

B(MY
· user can then drag the

line
,
+ barcode will update X

complex land
Y

Rips common
↳ pok #filtrating




