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Zig-zag
Persistence
- extended
persistence



Last time;

So MUCH stats & ML!

Today :

Back to basics :

- Extended persistence
-

Zigzag persistence



Zig-Zag Persistence Modules
"Normalpersistence : Given

(X
,
f) + not -an

↳ fitration Yar Xan --- an

Where Xai = f"(7, ai])

=> HpX : Hp (X)-> Hp(XD+...
-> Hp(Xn)

Viewing this abstractly
,

this is just

a series
of rector spaces or

line

maps .

Can we generalize?



Generalize: Consider n vector space
with maps

:

Pa Pur
VIVE---Un

where pi
can be

In filtration terms
:



How can we get "backwards" maps
?

: Point clouds and subsamples
-

Take subsamples X1 s "sXn of
X
,

where we choose differently ech time .

No inclusion maps
!

But
, might

be nice to
understand

which persistence points
are

correlated or are distinct .

↑

Soi
X1 · Xo Xa -- .Xn



Our matrix algorithm really only
worksIf XaFX1 Varb &

But : turns out there is
away

to

-

track some
notion of "feature" .

across -> meps.

Some heavy math (Gabriel's theorem + Kroll-Remak-
Schmidt)

=> Still have barcodes!

Well,
sort of - definitely lose some

of the nice interpretation , but the

algebra can
still give insights 2



CarlssonadeSilva 2010 Take V
,
EV:V-

4 cases : What interesting subspaces
are in Vs?



-Example : Myers , Monoz, Khasawreh
- Munch 2023

(Here, Koi is time
0

.S di is time I
.5)



Some interesting subltches !



What we still have : algorithms !
Carlsson

,
deSilvaaMorozov 2009-

With some
care can adapt earlier

matrix algorithm to handle removal,

as well as
additions.

(Implemented in both GUDHI Dionysus)



Applications
① Temporal graphs : edges appear

a

disappear

Myers ,
Monoe

,
KhaswehrMunch-



Examples : Transit networks

versus
traditional methods :



Example : Ordinal partition networks

↳ oh representation of time
series date

gray
based on permutation transitions



-② Swarms of fish : Corcoran +Jones 29]

zig-zags + persistence lanscapes

↑ Ho Ha
Fish

location



Other applications
-

ymochko-Munch-I
· Hopf bifurcations=Khaswrch 2020
in dynamical systems

· Stacks of neuror data

Mate
,
Morales ,

Romero , Pubio 2015-

Some thoughts :

· Slower to catch or

↳ but some strong potential
!



Extended Persistence
Odd parts of persistence

:

- paints at infinity
- some Morse critical points don't

seem to matter



obnous on Reeb graphsReally becomes Cmore nextweek)

a

a
=

anI--GreG, 7-(au
->

f



-Agarwal-Edelsbrunner-tarer-Wang 2006

= Cohen-Steiner, Edelsbrunner,
Her 2009*

Use relative homology to
find other

critcal points, I get better pairing.

Relativehomology Ex LEK

Define (p(K,
2) := Cp(14)/(p(L)

· [a] =GUEc(14)(a+U =Cp(4)]
extend to homology.

Then maps

Remember a month ago?



Examp↳i
-

ba

Cu(k) = (0 , [a0a ,an]L

Cr(L) = 0

=> Ca(k , 4) = <
0
,
[aoa,
any

C. (k) = < 0, [ab], [ac], [boy

C (4) = (0
, [b], [ap , Gbc]

>

= C(K4 = < 07

& Co(k) = Co(L) = <0 ,[], [b],[c]
=> CoCk4 = 0



Fun fact

Let K
*
= KvEx]vSovE/GEL]

"coned off
"

i
C

Theorem :

Hp(K,L) = Hp(k*) for pso
a Bo(K ,() = Bo(K-1



Here
,
we want to look at relative

homology of the superlevel
sets :

Given f:-> R

Ka = [6K+a
1 =SotK(f(6)a]

as

& study Hp (K , (9)

(as well asHp(ka)



What are important bits? ("Cone off" (9)



Extended persistence Module

Hp(Kai) -> Hp(ker)-+-

-> Hp(ken)
S
Hp(k ,(

*

) + .. - - > Hp(k, Ka)

3 kinds of points :

· Ordinary
· Relative

· Extended



On graphs



More generally
⑨ Ho

condary+
extended)
· ordinary

H1
i relative

Ha
relative
H1

Under the hood :
of Lefschetz

· Very beautiful combination paper)
& Poincare duality (that2010

Turner-Robins-Morgen
· Some more algebraic conectionsE2022


