
TDA-fall zo2s

Persistence



Recap
-

· HW2-due in 1 week

· Next week : special assignment
Intro : the AARTN
-

· Next week : no class

Cat a workshop

And back to persistence ...



Induced maps
on tiomology

Each Ki Kin , so
we get

induced maps H
p
(Ki) -> Hp (in)

Homology module
(simplicial case) :

inclusion
&

Hp (F(k)) : - S

6= Hp(o)->Hp(k)+ ..
- -

> Hp(n) =Hp()
T ij ->f : Hp(ki)+

store? Hp(kj)
What do these 29

K: Ki .

if its



Now let's try tracking generators
of

homology :

O
--

↳
-

[A
[A]

(



Another:

,
⑧

-

-
-

-
TABCE)



th
The p-persistent homology groups

inclusion :
are the images

induced by gij
P

H = Im (Ho(ki)= Hp(kj))
Kickj jij

The pth-persistent Betti
numbers

are Bij = rank (H)

for a persistence module-

-

Hp (40)-> Hp(k)+... Ap(ki)+ - Hp(kj) +..Hp(k)



Birth a deeth

We say
a homology class WeHp(ki)

is

Dorn at Ki
If it is not in Hi

+ ) dies entering Kj
if it marges

with an
older class ,ie

if

fi(2)
+ but forj (5)-H

J

# Warning:

O not
book's
version!
-

fig
-hig



Book's version of death :

U dies entering Ki
if

· UeHp(X;1) is
not trivial

· but f (0) =0

Only issue : no birth/death pains
In this definition



Pairing (bookdf)
Let [c] be a ph homology

class that

Xj. Then, it
is born

dies entering If Ji-F
=

at X: Ifa only
(with K =D St.

· [i] is born at Xie (les .. 13)

· [c]= fins([i]-- +f
+(2)

· I= i is
smallest possible choce
z

Hi



Revisiting : When are births a deaths ?

[N-EAs a
bis hissdsa des Des
born



,
⑧

-

-
-

-
TABCE)



Note : the maps
f is change If basis
P

changes or
recorders

↳ but times are
the same.

->

Result :
Given filtrations

[A]

I-(14)

[A]
-3

I F↳
Ia

Barcodes*Persistence diagrams



More formally : Counting classes S

-

&- Hp((p) +Hp(k) +.. - H(kn) +0P

Kurs

· Attach O vector space
at end

· Associate n+1 to an=
y

· Then Bij counts
classes born

before I which die
after j
-

- areatrue in y
-

How can we get # of classes
born at i which die

atj ?
iHi-Hpt---



Pairing function
for Ocij n+, define

=( ↑

**
# of classes

born
&

↳
at i

that die#

Why? in ja,

Hp (Xi)Hp(Xi) Hp(X)-Hp(X)



When Mr#0
,
the persitence of a

class [C]
,
Per ([C]) , which

is born

at X : + dies
at X; is defined

as Gj-Gi.
↳ length of barcode

"lifetime"

[Ifj =nH with ant=
Y
,
Pers(a))=c] .



Persistence diagram Dgmp (f)

Calso written Dgmp(f)
Filtration F on K

induced by f

Dgmp(F) is
obtained by drawing a

point (azaj)
with nonzero multiplicity

hij licj) on
extended plane,

_
mult

=2

where points on the diagonal;-

-= [(XX)ETE] are
added !with infinite multiplicity A



Let's try : First, calculate Big
↳ then wis

⑧ ⑪
- S =>- #

- ② -

·8

S111
Big 4 I I 1t27

-

1 2

123456789



·
-B

71111222 7 ①
- Bi6111122 6

S1113 S +B
4 I 112 4

g3 1 11 3 ↳ E

212 2
-

11 1
12 345678 9 -

git- M (icj) M33! &

=B
Then Dgm(F)=

-

Ez
-B13
+B

1111111



OK, let's avoid ever doing this by
hand again

...

Let f : K-> I give
the index where

a simplex 6 appears in
filtration.

A compatible entering ofthesimplest
is a sequence
· f(6: ) < +(6) => isj

->j
T is

a

E: ↳
M

53



Essentially ,
we now have a simplex-wise

filtration : assume Kj/Kj= Op is

a single simplex.

When p-simplex Go is added, two possibilities
:

O A non-boundary p-cycle
c along

with its classes [c]th for
heHp(if

are born .

Call 6j positive
Cor a creator).

② An existing (p-1)-cy
de C along with

Its class [C] dies .

Call 6; negative
Cor a destroyer) . ~Hartr



Examples



An algorithm
Take boundary madrit,

with rows &

columns In simplex-wise order :

Ko KI K243

· Let low(j) = row of lowest
1 in column j

1+ If all O's, low(j) = NCN)

· Ris reduced if low(j)+ 100(j)
for any

jt]



Matrix operations
To add rowk

torow I, can

create matrix with 1 in 1
,
K:



Here :



Idea
· Bis apper triangular,

if we add

from left it stays that way
·If a column is entirely O , that

simplex created a homology class

(so it is positive)
· If a column

has a lowest to

then this simplex
killed a class

from the previous Step.



Pairing
· Every negative simplex

must be paired

with a previous positive
(birth/death)

↳ pair
with its lowest 1

Pairs :



Fact

The number of unpaired p-simplices
in a simplex-wise filtration

of K

th Betti number.
is its p

So : use pairs
to build persistence

diagram .

->



History
Matray algorithm is from

-Edelsbrunner-Letsher-Zomorodian 2006

iven In

Algebraic formulation 9
Carlsson ↓Zomorodian 2004-

Independent formulations

-990 - manifold comparisonFrosni In Endiden space

Robbins 1999 -crystaline structures-
& periodicity


