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Last time : Optimal homology basis

Given a weight function ,
find the set

of cycles with min
total weight

which generate Hp
.

In general :



Related question : homology localization
Given a p-cy

de C
,
find minimum

weight cycle
c' such that [c]

= [C]·

Interestingly ;
·For 12-homology, NP-Hard

· With I-coeficients, polymonial time
(If no torsion)



Algorithm of -homology
Reduce to integer programming

Given p-chan X=Xi , Xi,
let TEXm be = (Xo . ...,Xi - ->Xm)

Recall : 1x111=i

- Do be boundary metrix &p
:Cpt(+

Let W be

weight metry : [ 7.



WhTake cycle X.
wi =

[
·
Wa.

Then /WYl =



Then : ILP is

Given a p-chain c , weights W..

Minimize 1/Wxll1
X
, Y Sit

.

X = C + Da+ Y
X Xm

yeah
wher m = # of prsimplies
& n = # of (pt)-simplices



Problem : Integer Linea Programming
-

But :

If determinant of every square

submatrix is #1
,
then matrix

is totally unimodular

Fact : If a matrix
is totally unimodular,

then the LP also solves the ILP.

=



Claim : Dpt is totally unimodular
When I triangulates a (pt)-dim
compact orientable manifold

Why ? · Each p-simplex is
facet of 12

pH Simplices

X => each now T

· known suficiency conditions for

0-1 matrices work for Dp+
#lle-Tompkins56



Torsion

Unfortunately not
0
,
1-matrix for

Di with icpi y a
fails for the

homology entirely.

More generally : Any group
G can

-

be written as G = Fo

· Fe(to --ot)

·Te (t/t , 0 ... [tr)
↑ torsion subgroup



Theorem : Dpt is totally unimodular

E> Hp (46) is torsion-free

for all pure subcomplexes
LotL

in K of dimensions papi respectively,
where Loc

Dey-Hirani-inKrishnamoorthy



Optimal persistent cycles
Inside a filtration,

how to get
"best" cycle in a persistent
homology class?

Recall : had barcodes
S

or diagrams but
chaces of

many
representative :



Again ,
assume simplices have a weight

function w : KPt .Mo (K
*
the p-simplices).

We say
a cycle C = Edidi

,
dit This

GieKp

Is a persistent cycle for [bid)
If <

Is born at Keb and becomes a

bounday in Ka .

A cycle is optimal if it has the least

weight for
all such cycle for a

bar [b, d).

[Note : could have d = 1 , then no death]



-Unfortunately NP-Hand . Dey-Hou-Mandal 2018

In general Seven just H1).

However, possible in some
cases :

A simplicial complex
K is a weak

(p +1)- pseudomonifold if
each prsimplex

is a face of no
more than 2(p+-

simplices .

Example

:



Algorithm for fite
intervals & week

(p+) - pseudomanifolds :

Based on cuts"

Given G= (VIE) with 2 designated
vertices sat, + a capacity ale) -> Ro.
for can have a

collection of sirce

voices a sink vertices)

A cut is a partition S

ofV into (S,T) St.

· seS
,
teTt· SUT=V



The capacity of a cut (3,1) is

defined as Es c(uv)
YET
UEE

S Il

·



Dual graphs
In a planer groph, the dual graph
is a well studied object :

G= (V,E) (blue)
faceswith

6*



From persistent cycles to cuts
I

Build a dual complex :

-

vertices : (pit)-simplices
Sas
a

edges : p-simplices
dual
complet plus infinite vortex for

boundary(H)-simplices
&

If &G are creator + destructor

simplices , makeOn
the sourcea

sink in vo plus simplices
not in Ka
.



Edge capacities :

·If G or before , capacity-weight.

· otherwise =
O

So
,

what is a
cut her?



Intuition

Consider a persistent [bid) cycle a

=5 (H)-chain A in Ka created

by 8 Sit. GA = c

So : let S=

Te



Then :
· (S

,
T) has finite capacity :

which edges cross
it?

In fact : any
(S
,
5)

out must yield a

persistent cycle
in

[bid) , since
can't use theo-edges



Result Works well on many
date sets :



Take away classical
Car connect some interesting
graph algorithms to homology !




