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Optimal
Cycles



Homology generators CCUS)

Many different cycles
exist in a

honology class.
Put computing a

cycle basis
can haveinteresting

app lications
.

graphics, meshing,
a geometry ,

processing



Issue : What is optimal ?

Given a measure on complex K , often

want minimum representatives.

Let wiKpt Ro be a non-negative

weight function
on p-simplices ofK .

Given a cycle C (Ezhonology , so

c = 2(i6i), <
50 1])

,

the weight
simplices Of

of c
,
wh = Edw()

For a set of cycles (2,
...,<Ci

+Zp(
w (C)=EwKi) .

i



Optimality
We say

a set of cycles C
= <C, .., (g)

is an
Hp-basis Is [S] , i = 1 ...d]

generate Hp(K) and d=dim (Hp(K),

& C is optimal If there
is no other

generatorC
with w((l) < w(C)

Optimal Homology 2g cycles
o

ece

Basis Problem LOHBP) :

End the best

such basis.
CErickson &Whittlesey 2005]



An algorithm for Hi
:

we say
a cycle is fight

if it

contains the shortest path between all

points on the cycle.

am : Any cycle in =
optimal homology basis
is tight. Orient blada under yes

Proof : Spps not: . . .. , Cag but I
is not light
-

Could be
disconnected : If is disconnected

I

SplitnoC'd G : G, ... ,Gg -> simplify
to

W za G, ---g-



or
,
not all shortest paths :

Pick 2 points on

ade such that 21

doesn't contain X-Y
B shortest path .

·

Y

Consider shortest path 6 :

ConsiderAt
2+B = k+ Uz

-> U I
shorter

T U
, Eas Cz ... , erg LorBS~me

since 6
.

replaced by A



Shortest path trees

Dijkstra's algoritm takes a source

vetexs in a graph a computes
the set of all minimum

S-v paths

(actually Leyzorek et al '57,

Partzig'58)
Classic example of
a "greedy algorithm"

Runtime : Onlogn)
↓

(show demo)



Back to cycles
We can use shortest path trees

to generate candidate cycles for OHBP.

How?

Consider such
v

a tree : need

cycles whereFur, a
shortest path in cycle: ·

S

↳ env

For anyedgenot



Book's version :

If optimal basis has

any cycle not
in 2,

can replace with v

One in C
.



So : If K has O(n) vertices+

edges

=>121 = non = O(n2)

Time to compute :

O(nlogn)



Then
,
we can

sort I
,
and loop through :

check IfC is Independent from
optimal basis so for

Annotations :-assignment a : Kp
+&

,

with

d = dim(Hp(k)) , giving
each simplex

6 a binary vector
of length d .

Valid if two p-cycles have same

anotation if they are homologous
.
how to create?



er
23

er
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- en

Es
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2iz⑳S es
2i3

Cis

Es

by
Y

Let's try :
m = 17

fast
to Conly workHa)

20



End result :

If p
=1
,
use previous pieces

:

shortest path trees to get
C

G annetalors for line 4



Adaptation to point clouds
-Use Rips complex Dey-Sun-Wang 2010

Not a true mesh,
but result 13

provably E-close
to optimal one
If well-sampled.



Applications
① Noise detection :

Idea:

small cycle
⑧ ① are often due

to noise

-

- O

Wood-Hoppe-Desbrun- Jerus-Schroder 2004



② Surface Parameterization
Classic problem of how to project
meshes into 2d :

Many variants of this
on surfaces want

to ut along small curves
:

etal 2012
Con colon data)



What about dims 1?

Unfortunately , NP-Hard even
to

Ghen-Friedman 2011approximate .-

Reduction : known NP-Hard Problem

Key : Build a triangulation
sit.

pir-bounding matrix is A.



Related question : homology localization
Given a p-cy

de C
,
find minimum

weight cycle
c' such that [c]

= [C]·

Interestingly ;
·For 12-homology, NP-Hard

· With I-coeficients, polymonial time
(If no torsion)



Algorithm
:

Reduce to integer programming
Given p-chan X=Xi , Xi,
let TEXm be = (Xo . ...,Xi - ->Xm)

Recall : 1x111=i

- Do be boundary metrix &p
:Cpt(+

Let W be

weight metry : [ 7.



WhyTake cycle X.
W =

Tra..
Then /Wxl =



Then : ILP is

Given a p-chain c , weights W..

Minimize 1/Wxll1
X
, Y Sit

.

X = C + Da+ Y
X Xm

yeah
wher m = # of prsimplies
& n = # of (pt)-simplices



Problem : Integer Linea Programming
-
E Hand !

But :

If determinant of every square

submatrix is #1
,
then matrix

is totally unimodular

Fact : If a matrix
is totally unimodular,

then the LP also solves the ILP.
u

polynomed
time!



Claim : Dpt is totally unimodular
When I triangulates a (pt)-dim
compact orientable manifold

Why ? · Each p-simplex is
facet of 12

pH Simplices

X => each now T

· known suficiency conditions for

0-1 matrices work for Dp+
#lle-Tompkins56



Torsion

Unfortunately not
0
,
1-matrix for

Di with icpi y a
fails for the

entirely.

More generally : Any group
G can

-

be written as G = Fo

· Fe(to --ot)

·Te (t/t , 0 ... [tr)
↑ torsion subgroup



Theorem : Dpt is totally unimodular

E> Hp (46) is torsion-free

for all pure subcomplexes
LotL

in K of dimensions papi respectively,
where Loc

Dey-Hirani-inKrishnamoorthy



Next time :

Optimal persistent cycles
Inside a filtration,

how to get
persistent

"best" cycle in a)
homology class?

Recall : had barcodes or diagrams,

but many
chaces of

representative


