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Multiparameter
Persistence



1-parameter persistence :

One problem : outliers want :
I

What will PD be ?
X

O P
Motivation :
More principle ↓ way
to bring in density
to filtration ?



Bifiltrations
2 different filtrations

⑳
↳ ↑
E
->



Common example
P= finite metric space

N(P)r = r-neighborhood graph
of P :

· Vertex set
P
,
and edge (i,j) EN(P)r

If dij) r

· If UL OS
N(P) = 0

R(P)r :

Victoris-Rips
complex

-



Then ,
add some other filtration :

· Curvatureestimate K

· Density : U(x)=C
. # pts within distance

r of X)

where C is normalization constant

& EU=1

parameterS· Gaussian density :
670

constant :
Cagain normalization

U(x) = C [exp)



Or
,
on voxelized date

:

-

often have intensity
~

h
↳ filter based on voxels withIt

intensity

↳ or
, fixing t, can

filter based

on distance to nearest
voxel.

#a) was
->

Scansholdpowers



More formally : orIP

A bifiltration is a
collection ofr

22
simpleal complexes

indexed bywa
st . Fa Fo

-

when a = b. abetz

Here, (192)
(biba) if

i - - commutative
Fost ↳ Fir- First diagrams
N j ↓

Foil ↳ Fl 2
Fast Fi

&

N tinclusions ↓
Foo- Fo -> For t ...



Bipersistence Module -> Ha

Let M be a collection of vector spaces

EMabazz With maps
&Map"MaxMBar
-

↑

↑ -
Mon ->Miz->--

↑ Y yy
MoM ., - M2,

--

S-

knea
map

M It
homology↑ t b groops

->⑯ T
M
, o
-> M20

inducemas



Simple example

Y O-homology
⑧

O w/k the field
b # 7 -we're 22

o - Gxed

maps-

a
-

i id
~
-

Ea] Gut



Recall Barcodes/diagrams are unique
representations , blc of Gabriel's theorem :

T

Ha(M) -> Ha(M1)- ...
-> Ha(Mm) -> HalMn)

generators-1 can
change

Yesnotstarte
a b

-

tend

#
C d

b. (asd]

↳



If we consider the field
=K

,

can look at maps explicity :

figurefrom :

⑫permannrOudet

2025



The bad news

Carlsson &Zomorodian 2009
Theorem*
Tparaphrased a bit) 11

The algebraic
classification of -

indecomposables of multiparameter
persistence modules contan both
↓
discreted continuous portions

=> no PD-diagram-like representation
is possible.

(It is of "wild representation type")



Lowering the
dimension

One common approach i ii
is to restrictMoz Mi

,
z
->Maz-M3, 2 For

to a "line" : Y y Y la
T

--

M3, +...Mon -> Mi=My-

N ↑ P
Mao-> Mao -> M20

-> Myot ...

Forgetabout a lot!

E Moo
-> M
, o
+ M
,.
> M2,
-> My,
+

↳



Kerbert Russold 2024Graph codes-
(for ML pipelines

Fach PD is easy ,
but "vineyard" mapsL

are a but trickier.



Here : K,> ... kn

↑ y Y
↳-L4--In

Each inclusion Li
> Ki extends

to a map
on chain complexes

Ca hence cycles) :



Next time : Dr. Danny Chen
Guest lecture : TDA in medical

imaging

Friday :

Representation theory, a
rank invariants !

(Will get mather)

Now :

Project proposals+ time to discuss


