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Where wetwe

· Basic dfus : open
sets
, topological space,

maps f : X ->Y

· Ways to be "the same" :

- homeornorphism
- isotopy
- ambient isotopy 3texistence- homotopic of

- homotopy equivalent S maps-

- deformation retract



Manifolds
A topological space 12 an

m-manifold

XEM has a point homeomorphicIf every
to the m-ball BB or the Bo?

m-halfspace Hm : ·
Bo = Ey = Rm/lly1

< 13
-

-
Im = GyEIRMI lik 1

and yukO]
zumanefold -

boundary ⑧ g
↳ ⑭ floop

s &r↳
T 9



Notation/terminology
: look likeAd

· boundary
· Surface : 2-manifold

· Non-orientable : walk along 2
curve starting on one side.

side
If you could

end up on
other ]- non-orientable

when you
return ->

O

Loop : Imanifold, no bounding
R3

O &
-

: J a set of 2g loops· Genus 9 without-

which can be
removed

disconnecting it
.



Smooth

Topological manifolds are spaces.

But usual, consider
an embeddingby cometry-into Enclidean space g

Given a smooth function f :Rd+,
-

the radient rector Geld If :-

atagPaint x is :

* =[,



Ex : fiR-R

F((,xz) = Xi +X
-

Of =

[ff]
- [24 , 2x2]

ThenIf (0
,0)) = [0 ,0]

*f ((0)) = [2,1]



Critical point
Any peRd wher Telp)= 0

Cotherwise we say p
is regular)

On 1 manifolds :
-

=O

IF-X
On 2 manfolds.



Extending to manifolds :

↓

Given I : -W ,

UERtWER

open
sets

,
where

G(x) = (4.
(x)
,

. ..

,
Pa(x))

of 6 is a dyk
The Jacobian
matrix of partial derivatives

:



Types of critical points

For a smooth m-manifold
,
the

Hessian matrix of f
: M-IR IS

the matrix of
2nd order partial

derivatives :

U

A

A critical point is non-degenerate if
&

Hessian IS nonsingular (det + 0) ;
otherwise degenerate.



An example: f : /2-R
f(x
,Xz)
= Xi - 3X ,

X
-

2

Of = (3x ,- 3x2
,

- 64 ,x] &

=10 go, 0]
Is it degenerate?
Hessian :

UX
,
UX2# ) =[UXOX , UXzUX2

So at (0 ,0) ,
det= O

degenerate
a critc at 10 ,0



Morse Lemma

Given a smooth function f :M-R

defined on a smooth
manifold M

,
Let

· to critical point
P
be a non-degenera
of f . Then I

a local coordinate

system in a neighborhood U(p
s .t.

· ps coordinance
is

· locally, any x
is in the form

f(x) = f(p) -Xi ---Xs+Xt X

for some se [0,M]

S is called the index of p.



Back to that picturee...
nun-degenerate

I
degenerate

M -

everthing ISeverythingenz p2
I
smaller aroundp

bigger
one coordinate bigger,
one smaller



Morsefunctions

A smooth
function f:M-IR (on a

Smooth manifold M) is a Morse

function if

· none of t's critical points are

degenerate
· the criticalpoints have

distinct
I

function values

No

Some examples : Morseig-firI F

xi3 - 3X
,
X=



Why should we care ??

Looking ahead:

· often won't just have a space,
but

also some measurements
=> a function !
-

· Every function Calmost)
IS Morse

In TDA : many signatures study
how the

function changes -> level Set

nsaddles -

restore
· -

F

Tzmanifold



Level sets

Given f :M- ,
the interval level set

for f with respect to IER
is

M : = f+ (1)=ExtM/f(x)EI]

Special types of intervals
: Mccb]

Ma

M2a

Na

Iy M

T 4 4
I= (a] E=Tau] I = [- & ,9]



What is the topology ?
honeomorphism on

map
where functionfeetablespacesvet

a
ust continuous)If not J

·
What does this mean?

ISNothing in between
Interesbug
critical values b

a-IIII

[-0 ,
9]



Simplica complexes

Computation requires a method to
Store data2discretely (usually-

A simplical complex IS a natural
ohgeneralization of a grey

↑

·far- #·
simplices complex



More formally :

A set 500
, ..,
93CR is afinely

independentIf ↓ Etij=o, the
K K

Et = 1 and Etiai =O
equations- ai-9o , ...

Adoi=0 =0S =>Ev
-

..

huh? M can we findItty
-

S .
t

.

tott++z=1

and to%ot t,a , +t,az
=0?

↑- to= 1 t=2 +30)
&

o)-2
- (2 ,0)

[ tz=1 Ch = (0 .9)



Given a set of afinely independent
points &90...., 9k] , the kplane P

spanned by thesants
IS

I

p = StaiER/Eti =1)

a TWar
Y



Given a set of I afinely independent

points Ego, ..., ar],
the k-simplex 6
-

spanned by the points
is

P=StaR(ti=
a Victi=o

Examp↳: Im R3 an = (0, 0 ,0)
1 a = (1 , 0, 0)
- *=(2



Barycentric coordinates
Fix 39o
, ..., ak) and some

XEK-simplex

Then the numbers to
,
ty are uniquely

determinedba The baycenter
Y

Mys
the pati

given by the

coordinates
do
↑ ( ....,)

(1 ,
0
,0) paz

(0 ,1)



fecet coface

Definitions

· E90, ..., an] are
the voices of
Gi

· The dimension
of 6 = [ao

, -,
ak] is K .

· Any simplex spanned
by a subset

of Eso...., an] is
a face of6

↳ proper
face if #
-

↳ 6 is a co-face of any
of its

faces

↳If face has dim = k-1
,
called

a facet



Definitions (con't

· The union of proper faces
is the

boundary
of 6

,

Bd(6)

· The interior of
619

6-Bd(6)

↳ called open simplex

a

%
Ba(6)



Simplica Complex CEmbedded
or geometric)
-

A simplicial complex K <R Is a (finite)

collection of simplices in R"S .

t. ↑

·

every face ofa
simplex ok ifa

·
· Vtek

,
Greek

dimension of K=maxm(G ·
Examples-

I*



Note : Abstract simplicial complex K
phya (finite) collection of (finite) non-em

subsets of a set
V=Ev ... Un] sit.

Gek and TOE TEK

alwa
Pfference : -not easy

abstractgeometra realization ↓
j F

V2 & V= 5 Viva ,Usu]
K= [5v .3, Evz], EvsS ,Sund,Inovs - IY SU

.
Vc)
,

SvzVaS
,
SV ,Va
,

= [v
,
12, [V ,VzV3]· Vu forgetembedding



· Geometric realizations of abstract
I

simp
licial complexes are not unique

]
↳ often write (k) VS K

nu=

· In fact, computing embeddings
In some I" is a huge area
of study

5-smallest
D" if K has dimd

is classical topology
Famous theorem : If dim(K)

=k
,
2
*

possible
--

On the other end, computing
"nice"

ohs IS aE
-

embeddings of gra huge
area of study



Subcomplexes - skeletors

If L is a subcollection
of K that

contains all faces of its
elements

,

then L is a subcomplex

A sub complex is
full if it has all

pices from K which are spanned
Sim
by vertices in L

all

The subcomplex of
K containing

simplices6
with dim(6)-p is the

7-skeleton .

I

1-sketeton;T
graph



Stars & Links

The star of &K,St)
= EOEKIE =G]

charning : st(t) is
not a simplicaf complex.) st(i)
=u
-

The closed star SET)
Is the closure of Stt)

.

-

The link of t is -St(t)
= (k(t)



Triangulations
We say

a simplica complex K is a

trangulation
of a

manifold Mif the

underlying space /IP
is honeomorphic to M.

Note : If
M is a k-manifold,

dim(k) must
be k also.

Useful facts :

Yvel Ist(v))
= B or

and ILk(us) = Sk
+
or Bo

·

Ex : dim(k)=2=



Simpliced mass
A map fil,

-> K2 is called simplica
If VE=Evo,VIEK,, we

have the

simplexf(t) = Ef(vo), .. ,f(vb] K2

Example : Simplica
?

X

B

% /A -
P Z

11 : AtW D+Y
Ez : A+ X

D+ Z

BIX BrY

c= Y
E +>Y C+W

E + Z



functionFact :I continuous
-very Y

g
: /Kl + 1K2) can be approximated

b

a simplicial mapf
on appropriate

subdivisions of
Kiakz.

Here : for a point x
= (k)

,
f(x) belongs

-

to the
minimal closed simplex

the

that contains g(x)

Two maps
Shown :

continuous g
a simplicial f



Paint clouds

Let X be a finite point set in a

metric space (M ,
d).
↳ often (R& , (2)

Note : topology is pretty boring!

&

O

O

~
O O

o
P ·

A

&

g



Let B(x
,
r) = EyeM/d(x,y) = r3

150 these are closed)

God : Study how these balls interact.

Note: there isn't a single correct v !



Given a finite collection of sets

I = EUaSceA
,
the nerve of I,

N(U)
,
is the

simplicial complex
with vertex set A

S

where Exo---,]EA
is a k-simplex EN/EL)
E

Hao--MacFa



Check: This is an abstract simplicial
complex.

NeedIf 6EK + 4
* 6

=>TEK

Here : If 6 = Eto , ..., [in]

=>



Some examples to try :

Difference:



Nerve Lemma

Given a finite cover I Copen or closed)

of a metric space
M
,
the underlying

space IN(2)/is homotopy equivalent
to M if every non-empty

intersection

K

1 Uc : of cover
elements is homotopic

i=0

to a point (I .e .
is contractible).

Why we care :


