
TDA-Fall 2025

Maps
Morse theory



Recap
·Overview of class

↳ questions ?
· At some point , check HW page

for overview

of the class project
· Office hours : Monday after

class

Tues or thurs.



Question from last time

- Metric

a Space,]) , wherTis a setanda
d :TX - satisfies other: d(pg)

=0

↳O d(pq) = 0 ( p =q -
· d(p ,q) = d(qp) Xpgell 3

trangeedityd = d(pir) + d(nq) ApigrettS
Sometimes a 4 : Apq d(pq)

= 0 7

But : the first
3 imply the 4

Why? lexeruse)



A topological space is disconnected
If 72 disjoint nonempty open

sets

U
,
VeT st TUNV.

(The space is connected if it is

not disconnected.)

Ex : A = (1, 2) v (3 ,4)c

Note : subspace topology : Given MET
,

I can inherit topology from T via

EXMIXeT]



Maps L

A function fit
->U is continuous if
&

set QEU
,
f"(Q) is open .

-for every open called maps)
(these are

also

Exampl
: f :R+I Example : g

:R-IR
-

- f(x)=X2 g(x) = (x)-U =I
M

Y

·#
~



A map
f :T- U is an embedding

of T into U Iff is Injective .

--
S

1-1:of(b) a=b

Example : f : RtR Example:R

*
f(x)=X3

I ↑



Let ToU be topological spaces.

A homomorphism hiT-U is a bijective
whose inverse is

also continuous.

map
Tall are homomorphic if

(We say
an h exists .)such

Examples :

T * E

21



Note : requires
construction of a function !

Example : open
d-ball Bo and RE

h(x)= - X

-If(so hily) =
·

Y
=0 y

=03
IB? ↓ ·>↓ (59- 1-0

o - -(3/4,
= 4.9#L =B,0

F
-



For nice enough spaces, a "cheap
trick"

Proposition
If To U are compact metric spaces,

every bjective
map
T- I has

a continuous inverse.



Isotopy
When T, U are subspaces

of a

common topological space ,
can study

something stronger
:

TERT MER
An isotopy connecting
Is a map 5:x[01] -M where

· 3 (t
,
O)=S

· BT, 1) =M

· f t + [0, 1 , 31ot)
is a

homomorphism fromT to its image

Ambient isotopy : map S
:R
*
x [0 , 1)-Rd



Examples : For open d-ball again
:

Consider 3(xt)=
-IfEO: =X

If t=1:
So Bod &Rt are isotopic .



Honeomorphism <Lisotopy ambienotopy :

Obstruction comes from the ambient

space
:I knot here



Homotopy
Consider eS :X- U and h :X-U.

mal 9
3 H : X = [0,1] -> UA homotopy is a may

such that H(0
,
0) =g

and H( , 1) =h
- 3

Example: g:
3

gi inclusion map
h(5)=*

-

hi - R3 , h(5)=82

homotopy : H(x, t)
= (l-t)·
-
-

check : H(0) = (1-0). = X

H(% 1) = (1-1) ·i = 0
& between :



Another : curves on surfaces

V, Us : S - M

Un

M ↳
Uz-

U I
-

Here
, homotopy H

: S
=

x[0 ,1-> M

H(0) =E H(1)=U2



Homotopy equivalence
Two topological spaces #T

&M are

homotopy equivalent If IgT-M
and hiM-I such that hog

W

and goh are homotopic to dentity
-

&
-

maps.

Example : S

·z



h

Another :B and any paint p..
h :B- [p3 ,

h(x)= P 9

g
: [p3 -> Bo ,

with g(p) =g
Can arbitrary point

in 3)

bisp-Eps

: to q
Homotopy : H(x

,+) =g+-

at t=0 :

at t=1: Ex = *



Retracts
Consider #T a topological space, a
METT a subspace.

A retraction rof
T to M is a

f
map
r:-Us .

t
.

f(x)=X YxU.
-

Example : annulus->A= (r)
/r 2

and Deco ,Y-
A arche St=EOTO

·D How to make

&

f(0, r) = (0, 1)



Deformation Retract

METT is a deformation
retract if

the identify map
on It can be continuously

deformed to a
retraction with no

change
to paints in

M
.

More precisely:

7 homotopyQy [0 -Tst .
·R( % 0) = id+<
· R( : 1) is a retraction

T- M
-

for every
EN

[R(X ,
E) =X and t - [0, 1) .



Try previous example :

annulus A =G(r)/r23and OE[O ,Li]

arche St=<( ,1) To

Set(car) , t) =(Er +t)
=

Check 3 things :
of t =0 : (0

,
u+t)

-

⑧ If t= 1 (O, t)
-

-((O,· ,E) = (Os (1-t)
·2+ b)

= (0 , 1)



Why care ??
Theorem If M is a

deformation retreat

ofI
,
then To M are homotopy

equivalent.

: -
E ⑪00 W

(Note : D and 00 are homotopy
equivalent , but

no deformation retract .)



Manifolds
A topological space 12 an

m-manifold

XEM has a point homeomorphicIf every
to the m-ball B or the Bo?

m-halfspace Hm : ·
Bo = Ey = Rm/lly1

< 13
-

Im = Gym Illi 1
and yo

=0]
zumanefold -

↳ ⑫look
rs

n
&

T D2
9



Notation/terminology
: look likeAd

· boundary
· Surface : 2-manifold

· Non-orientable : walk along 2
curve starting on one side.

side
If you could

end up on
other ]- non-orientable

when you
return ->

O

Loop : Imanifold, no bounding
R3

O &
-

: J a set of 2g loops· Genus 9 without-

which can be
removed

disconnecting it
.



Smooth

Topological manifolds are spaces.

But usual, consider
an embeddingby cometry-into Enclidean space g

Given a smooth function f :Rd+,
-

the radient rector Geld If :-

at agPaint x is :

* =[,



Ex : fiR-R

F((,xz) = Xi +X
-

Of =

[ff]
- [24 , 2x2]

ThenIf (0
,0)) = [0 ,0]

*f ((0)) = [2,1]



Critical point
Any peRd wher Telp)= 0

Cotherwise we say p
is regular)

On I manifolds :

Exx =0

ItOf -X

On 2 manfolds.



Extending to manifolds :

↓

Given I : -W ,

UERtWER

open
sets

,
where

G(x) = (4.
(x)
,

. ..

,
Pa(x))

of 6 is a dyk
The Jacobian
matrix of partial derivatives

:



Types of critical points

For a smooth m-manifold
,
the

Hessian matrix of f
: M-IR IS

the matrix of
2nd order partial

derivatives :

U

A

A critical point is non-degenerate if
&

Hessian IS nonsingular (det + 0) ;
otherwise degenerate.



An example: f : /-R2
f(x
,Xz)
=X- 3X , X2

Of =

-

Is it degenerate?

UX
,
UX2 THessian : out (↳

UXOX , UXzUX2

So at (0 ,0) ,
det=



Morse Lemma

Given a smooth function f :M-R

defined on a smooth
manifold M

,
Let

· to critical point
P
be a non-degenera
of f . Then I

a local coordinate

system in a neighborhood U(p
s .t.

· ps coordinance
is

· locally, any x
is in the form

f(x) = f(p) -Xi ---Xs+Xt X

for some se [0,M]

S is called the index of p.



Back to that picturee...
nun-degenerate degenerate

M -

I
everthing ISeverythingenz p 2
I
smaller aroundp

bigger
one coordinate bigger,
one smaller



Next time :

Why we care
about Morse

theory...


