
TDA-fall 2025

Morse-Smale
Complexes



Recap · No Thurs -

offe hours this
week

-

·Welcome back!

· Next assignment
: project proposals

↳ submit individually by Now
.

S

↳ 2-3 pages
: proposed topic , brief

of known results, potential plan
Survey half-baked ideas
of atteck + Some

will be in groups
of 1-3 students

· Projects
presentation (15 minutes)

lastweek

4) or so ofclass
↳ 10-15 page document by Dec. 14



A discrete Morse functionf on a complex

1 is a function filette st .

for every p-simplex
6K,

6: 15 6 : f(e= f(63) =1

#and
1540 : f(t) =f(63) = 1

Examples :
YesIno ? ↓

X D
~ S

↳ 2IX
↳

O Targe
O =2



Critical simplices
A p-simplex is

critical with respect

to f If1
**"
16 :flt+(3) = 0

and (Set> 6 : f(t) = f(631=0

Example:

⑮he 00-
2

g O
↳ - O

O



Regular points a
discrete gradients.

Any simplex that
is not critical is

regular,a
will have one higher dim

incident simplex with lower value
one lower dim

simplex with higher.

Pair these : (ve)

=> 7



Exclusion lemme : Can't have both
-

Proof 6= Vo .--
,

t spps
both :

-

= Vo ...UpVp+, U =Vo> Ypy
& fef(6)f(r)

Let 8 = Vo - Up- , "p+ => f(v) f(j)

↓ f(8) < f(t)
.

But :

f(x) = f(s) = f(v) < f(5) < f(t) Y
.

T

·
T



Back to motivation

In Foreman's original work , goal was
to identify a simpler complex

with

some homology
:

Let Mp = Cp(K) be critical posimplices

Then 7 maps Ep St. Eit
=O

withM .. Mo
sot . Ha(M, )E Ha(k)
CUses CW complexesa homotopy equivalence

-



Theorem (Forman 1995)

s uppose8' is a critical simplex

T with f() E(a,b] , + there are no- other critical simplices in Ca,bJ · Then

& Meb is homotopy equivalent to
1P) where e is a p-cell

↳ ve
glued FoMea along

its boundary.

can prove
via collapses :

*

I &



Why does this work?

Exclusion lemma

Any pair is
call an elemetary

collapse- > won't change topology.

No conflicts
,
so end with simpler

complex , ie

OD---Lo
oN



Discrete Morse inequalities
Let f :KTIR be a discrete Morse function

Xwith me Critical values in dim i , i
=0

..

d.
simplices

Then : Bi(k) -mi Fi (a)

and 2(-Dimi = X(k)
To L

Enter characteristic : [ (-1)(dim i cell)

V-E+F



↳roof). induction on # of simplices
Bose case : ⑨ Bo(K)=1 ( others = 0)
-

Inductive Step Suppose true for any-

complex with ljEl simplices
·

Consider K with l+1 simplices
Let 6 be maximum simplex off,
&K' be K-6 .

with some existing
6 regular : 6 pairs - not

simplex -> collapsechange honology
6 critcl : dem P

-> changes p-1 + p homology-

- --- ↳ added simple,& a -10
wo

so ineg
still holds



I

Result : Discrete Gradient Vector field
:

Draw arrow from
6 to higher dim =>
nbr with lower

value

· Each simplex 1 - x
"flows" to at

may D
most one ubr

· Flow lines

go
down ↑

min

· Flow vanishes atcritical simplices

↳why? not paired



Back to Apoths : either face-edge
or edge-verter

continous discretized
flow lines V-paths

Ie

one difference: discrete flow goes down
Chot up like continuous



So
,
in discrete setting: For critical edge e :

· stable manifold is union of

edge-triangle gradient paths
· unstable manifold is union

of

Vertex edge gradient paths
le :

descending

ascending :



Separatrices :
V-paths between
critical simplices
(marked pink)

How to find?

·

easy starting
from critical edges

· From critical faces : try all options



Discrete Morse-Smale Complex

-

Algorithm: Collect ascendinga
descending manifolds of each

critical simplex

I



Result : Partition of complex

cavect : only on 2-manifolds

T



In TTK --> topology toolkit
Methods to also apply this to

greyscale date
-> partitioning o

Skeletonizing

↑

↓



Persistence simplifications
Bauer, Lange ,Wordetzky

2010 proposed a method- these
to simplify 1--2-manifolds using
ideas.

Focus on critical points :



In action

I



Uses : Road network analys21
-Wang Wang &Li 2018J

density
v
not

wag

Goal : Reconstruct map from
GPS date

↓Analyze traffic patterns



Another : Analyze porous solids
-Gyulassy et el 2012

-

Also↳of a 2015see Delgado-triedricks
↳↓ Robins et d 2011



Also in textbook :

· Detailed algorithms for persistence
concellation

Recommendation if you
want basics :

Discrete Morse theory by
Score

Otherwise , go play with
TTK data !




