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Course intro

· Syllabus THW - main webpage
· HW submission -> Canvas

Ct gradebook)
· Prereqs : some line algebra

some programming background
· Slack?

· AW : Mix of pen/paper a coding
↳ flexible So seeme if you
-

issues!have any



Textbook(s)

Main reference :

freem
P
If

Others :

Listed on Syllabus
Most are available in the library ,

or

come visit my
offe!



Project :

Ideally , this will
connect to you

research .

haveseveral assignments toBut - we'll
-

help explore topics,
if you're unsure

of what
direction to take.

Outline:
· talk summery

-In Sept
· paper "chase" 3 in October
· project proposal
· final presentation + submission



What is topological data analysis ?

Traditional apeline :I statistics
topological ->[P # KBgeometric -> nature

data Sig visualizatio

-

&

Goals: Concise

stablea robust[ computable!
metrics



Some historyact topology can be hadRecognizing
-

How so?

·Deading of 2 4manifolds
are

honeomorphic is undecidable-
[Markov 1960

,
van Meter 2005]

· Deciding if you
can "unknot" a

a fixed number
of

curve using
is NPrHard

moves

[deMesmay , Sedgewick,
&Tancer 2021]



An approach
Since we can't solve the problem
exactly , focus

on
invariants and

ways
to simplify the data
.

This is not new
!

Examples :
· Knot invariants

· curve skeletons

· Manifold approxima
trun

↳ le meshes



A first example : Euler electeristic
Maurolico in 1537.

Introduced first by
(This is known

as

Then published by Euler in
1758 :

Foranyembedda
a

G=(VE) with
Flaces

,

V-E+F = 2

T

Note: planar -> embedded on sphere



More generally :

Enter characteristic : VE +F =X

Ideal for computers :
·

requires a discrete

representation
-

planar · Given a date structure
f encoding V,F,

+F,
to calculate

F easy
V-E+F

X



Topological signatures :
invariants

Different Euler
characteristic

=>> different space

-

But different spaces might have
the

some Euler characteristic

Cas well as very
different getry)



Back to signatures
We'll cover a range

of possible
choices

,

on a sliding scale
of

complexity
a discriminativity. graphused

Examp les :

Reeb o Mapper graphs

Persistent homology
Algebraic topology~



Active research directions

This IS a fairly young
a vibrant area

.

Emerging directions
:

· Machine Leering
with TDA

· Timeseries adynamic systems
· Parallelization
· Vizualization

a multi-dimensional
· Algebraic

methods
Ipersistence

· Many applications : atmospheric
data,

-

sing ,
biomedical

,
neuroscience,

image proces
vision , etc



Our goals
Understand the computation a interpretation
of several commonly used tools inTDA :

· Euler curves

· Persistent homology
· Mapper

&Reeb graphs
· Morse-Smale Complexes

In the end
,
understand what types of

natures are likely to
be both

sig
a practical on data setsuseful

Cas well as which open source
tools exist).



But first-topology !

Chapter 1 covers an intro to topology.

Depending on moth
, might seem

obvious
,
or might seem very

had !

asEither I -
-

textbook to besure
Worth reading
you get main

definitions in context,

a come see
me
if
you
have questions.



Topology
Topological space

: a setI with

elements (calledsants) + a
set

I

of subsetsT ,
such that

·, eT

· X UET union
of sets in UismT

C

· A finite UET, intersection
of sets in

His also in To is Ty

Eabab , ala
Check : T-



Metric space
:

a pard) ,

whereIt is a set and

d :TTxT -R satisfies other: d(pg)
=0

· d(pq) = 0 () p =q
· d(p ,q) = d(q ,p) UpgeTt

frangleinequality &(p,q)
= d(p . r) + d(rq) Apigrett
-

Expl : TER ,
d((n

,
uz)
,
(v
, vz)) =
-

1
-(n .-v,)2 + (uz-Vz)2

S

Y

I-- ⑱



Metric topology
a metric space

(d)
,
an open

Given For
ISmetric ball center i

B
.
(c) =[peTt(d(pc) <r]

The metropetopology is the
set of

all metric balls .

EM

againi t



Many different metric topologies
Mix R? ~ let's try Bolt,1)

for :
-

· IIn-vIl = In-v10Inz-v2/ <1 ? Amatia
-

-

=- limetric· IIn-vllz (n . -v .)
2 + (Uz-V2)2

· IIn-ally = max & In-vib lnz-vel] los-metric
- !

#eb lometrics



Open a closed sets TI

Fixing a topology
T
,
U is open

If UET
.

We say
His closed If TTIU is open

Yet theory
Back to first example: complement

#=Sab, c)
,

T= So, Eas, [b], Gab) Gaba]
Closed sets : T

open

T-d =T Tsa, b) = [c]
T- [a] = Eb, c)

# - [a,b,-]=
# - (b) = [a , a)



In a metric space , can get some
alternate

definitions :

ConsiderET. A point patt is a
limit sant of Q If

FEzO
,
Q

I with dSpq) <d.
contains some paintq P

Example: R & Bolp , 1) :
distance1

[1,s (1, 2)

↓1 2

(1
,
2) <R



The closure of a point set QETT

is the set containing Q and all

sants
.of its limit I

↳ written CI(Q) , or G-
We say & is

closed If Q= C(Q)
·

Example : 101)T
is an open ball

ci(o, 1)) = [0,D
<

Example: MaBoat



A open Cresp, closed) cover of a

topological space (NT) is a collection
C of open (resp closed) Sets St.
- T = Uc
- CEC
-

Example : R
,
C = [(nbu+D (ne*]

.
--



A topological space is disconnected
If 72 disjoint nonempty open

sets

U
,
VeT st TUNV.

(The space is connected if it is

not disconnected.)

Ex : A = (1, 2) v (3 ,4)c

Note : subspace topology : Given MET
,

I can inherit topology from T via

EXMIXeT]



Next time : today 1.101 . 2

Maps, homeomorphisms , a homotopies !

(see remander
of Chapter 1)-

Overall goal : understand enough about

maps
to get to "nice" functions,

-start Morse theory

Homework 8 : Send me
an email !3

CHW1 also posted ,but you
have

2 weeks .)


