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Last time : Homology 1 ↓
... - >Cpt(K) Cp()* C+ (K)+ ...

cycles

Itp (k) =
E-

/p = Kempt
boundaries

Why?
· Computable ! + homologous

"The same"
cycles are somehow

· But-> not homotopy
-

or isotopy.



Computing homology groups
To compute Betti number :

&
= dim (Hp(())

Well
,
for any

linear transformation
f:Ut,

dim (U)=kerf)
+ dim/imf)
--

Set f= Sp : ↓im Ap

· dim((p) =dem (B)-
space VIW,

Also
, foraquotedim(V) -dim (w)

=> Be = dim (2) -dim (Bp)



So : computing !

Back to boundary matrices
:

U &where↳
x = Easi

all p-simplices = p- chainGi

Rows are a basis for Cp+

Columns are a basis
for Cp

How to find
rank?



Operations on
motrices

Simplify to
Smith-Normal form. How?

Add ·"...Oecolumns
A spots

Add !0
rows

↓
I

( exchange rows/columns with 0 on diagonal)



Goal : More Is to diagonal

Smith-Normal form : Np = Up-Up Vp
X

↳1

I "
No= x

↓to

0

...

then Bp = run(p) - run (BP)
-

~

Nit =Fina ?



An example : solid tetrahedron

SNENp %ob

- U-
, Do d

1 000 X rank zo3
Va

-
No Da

rank Bo=3
I 3 rank Z =3

Uz

Im
Un

Va
rank Bi=23 rank Zu= I

F
Uz 6

V3 rank Ba= A



~ rank zo3 Bo = rankzo-rank
Bo

rank Bo=3
=O

rank Z =3

&= rankz , -rank
B
,

= 3 -2 = 1

rank Bi=2
&

rank Zu= I E

rank Ba= A



Recall : A simplicia map between abstract
-

simplica complexes fix- L is induced

on vertices V(K) CV(L)
by a map -

i :- KEL
Inclusion maps

:

i(6) = 6

↑

K L



Passing to chain complexes
inclusion map

AnyIf : K-> L naturally extends to

a map
on

chain complexes :

f+: <(k) -> <(2)

Results in a diagram
:

K

· - > C⑤aC(k)C(1)--
p+1

* t If
- - CatC(4C(L)

+ -



Claim : 12" = )"of
-

remember how
& worked on vertices .

-

why?-> GaCop
A cG(k) -> C. (k)

-

& +

(a)-2IfDay]e)
Consider - <+(p(k) .

-EU(i)

commutative X = Zai6i f ey(06)

I wdiagram 1a: (i) -> floilfoundaries



Claim : & (cycle ink) #Cyclein L
-

(bounday inK) boundary in
L
-

-

why?
because it commutes !

-> O
↓ L i

Consider a cycle : Gp (k)
-- C- (k)

2() = 0
L If& %
C (4) ECCL)->f(x)-Eate(6) alsol e



This induces a map
on homology :

: Hp(k) -> Hp(r)
[x]= [f-()]

Example : LH1(k) = @k] 3i 3K ↳ H1(L) = &, [B] ,[U]3
L

j

- 98 ⑧ * "

L

ild



K - L
Another :

a
Li =AD+
⑳ B

⑬

DC +AB+BC

H , (k) generated by : [2 .]= [AC+ AD+CD]&

[2] = [BC+BE+L
+El

" [C3] = [EFtEL+ FG
+GL]

-

[au]= [GJ +GLEJK
+KL]

↓ Ha(l) by (Bi] = [BC
+ BECL+ EL]

11

I2 [Br] = [G + 65 + LJ]
-



Then : & as B
- 24 -Ba
Li

2
. In 23

Bi #

(
· o

,B- 0001



Relative Homology
Idea : compute homology of a complex

relative to a subcomplex L EK

Take La subcomplex of K.

=> Cp(L) is a subgroup
of Cp() .

Quotients again
!

Cp(1D/((L) = ((KL)
Relative chain group

Boundaries extend naturally .
Ukr : [c] -> [tp(p]



Can check all the some things :

2Y =O

so Zp(k , L) = Ker L
Bp(k , L) = im L

+ Hp (k ,2) = zo(k,LYBp(kiL
But why?

Essentially, equivalent to "coming
off

"

↳, so L has no topology.



Examp↳i
-

ba

Cu(k) = (0 , [a0a ,an]L

Cr(L) = 0

=> Ca(k , 4) = <
0
,
[aoa,
any

C. (k) = < 0, [ab], [ac], [boy

C (4) = (0
, [b], [ap , Gbc]

>

= C(K4 = < 07

& Co(k) = Co(L) = <0 ,[], [b],[c]
=> CoCk4 = 0



Then :
Uz Di

⑧G((L) C (k
,L+ Co(K ,4

II Il ⑪
[2 O

(generated by Ebe])

So H
,
(K, 2) + Holl1)

are both 0.

Hz(k , 2) = Kardim Ga
E Eabc]

>

= & = Xa
g

· -



"Come of"L1Faster :

T !
↳

K ·

H
,
(k)=2

Hi(k, L) = ETE =1?

#



Book also covers singular homology,
as well as cohomolog
-

I'm skipping these
for now

,
but

we might revist
...

o *
-

Next tire : filtrations I persistent*using
this all for I

homology


