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Homology



First : an announcement for a talks

next week.

Please come if you can
!



Vector space
A vector space over

a field k is a set V
&

with Vector addition : Yv
,
w -V

,
v +weV

& scalar multiplication : Jack,
aveV

S
.t

.
It is . associative (H)

: (v+w) +X = v+(w
+Y)

·Commutatire (t) : Vtw
= W+

· idently (a
:
OveV & tak
Ot =V +V

= v
Sot. freY,

FEV st
.

UtW=Q
·in verse

(t) : TweV

· scalar mult : a (b)
= (ab)o

· 2 kinds of distributivity :
x +a(v+w) =

artan

M
(a +b) w = aw +bw



Bases

A basis for a vector space V
is a

collection of vectors EbaBatA
Sit

.

· They are linely independent
:

ifE ba =0 oNet it coefficient
-

then C =0.

· They Span
V :

EveV
,
JcaK St . Ebe

Note: All bases have the same cardinality ,
- called the dimension of V .



Goal : Build a vector space from
a

simplica complex

Let K be a simplical complex ,
a fix

a dimension p

A p-chain is
a formal sum

of

p-simliers, watee --
where K

Usually, each ai
E some field(or ring).
- T

1 chain : 25a
,
e) +3 [ces+# ample :

: 2 chain : 7Sand]
ogad?



Adding Chains
If C= Eaig and =Ebidi

then

2 + B = [aibi
+Ebidi

=Elairbilo Si

Example : 2-dim complex with

coefuents in== 20 ,
13

.

-

1-chain : ↑

- ↳ E set of cyclesA t

+ paths
V = 1 . 01 + 10 ++E

+ 0 - Gi



Chain group of --chains
with addition

The collection I

is called the P
th-chain group Cp(K)

.

u

It is a
vector space

:

·
associative+: <

+)+Y= (x+B) + J

·Commutitre +: C +B = B + C

· zero : + c = x + 0= [d6
-

· inverses : How to build-2
?

2 = Zaisi-d=[tail Gi
T



LinearTransformations

A linear transformation
between 2 vector

V +W is
a

map
Tir- W

spaces Y Imm
such that

:
dim n

1) T(u+) = T(u) +T(w)

2) T(av)
= aT(i)

Representation
: A matrix ! Fix basis

&We--wit

-
v= EaiVi-

↳ven



Maps on Chan complexes for now

Ex Tugarfeld
The boundary map 6

- : <(k)
-> C ..()-/

takes 6 = [Vo ... > Vp] ↓
-

-7 & [Vo ,...,j,]
i=0-&--

- -Here
, Vj means removing

Example: simplex Jo

1) 6 = [VoViVa]
V

6 ((0) = [vive] + [VoVe]
+ [VoVi]

V.
F

·V
2)U([v]]) =voutKtVa IVotV



Choices of KI

Generally speaking ,
can study any

field I.
↳ or even rings ! Algebraic

↓ Topology
(Hather)

But (following book) , we'll focus on z.
Why? Computation +rich geomadepretation



Let's try :

G, ([ge] +[be]) = arette
-

= a +
b

# & [[ase] + [4e]+ [d] + (d))
=>(a+e +p+y+a)+(+)

& ([ace] + [d]) =
-~

actae + ce
+ act ad + ad~

= ae + ce + ad +ed



Matrix representation
U : ((K) -> Co()
- -.....

&

Iedges
take -= Zai
= &

basis ?

vertices ↓ f 6
AC AD AE BE CDCEDE
110 00 O

O O I O

G. o je8 ⑳ d
&



Uz
D

↓
Es
-> ACE ACD ADE CDE
AC W

AD O

A H% (DE
DE O

Teages



some

take 6 =[aje] + [ce]+ [d] + [d]
M -

We know
i

*
non-zeros

AC ADAE BE CD

>



Chain Complex :

↓
matrix
I

·
Matrif

A
vertis

Upt Up
·- Cpr(K) -> (p(1) +C+()t- fot

E vectors Tes
of simp

Note : VCE(p(1),⑳ Lemme
: 2 = Zai Si

↓ Upo(t) =0.

Proof : For any p-simplex
6 :

-

(p -> (+ - Cp-2
every p2 dim

simplex will appear

twice



Cycles
Any chain in the kernal of G
IS called a p-cycle .

Reminder : an element y is in ker(f)

If f(x)= 0
-
> o

Upt
Here : (p+ (k)->G(K)(p- (k)
So : a set of simplices

that
,

after

Up ,

cancel each other
out.
-> O
-

-

The set of p-cycles forms a subspace
Zp(= (1)



What is a A-cycle or 2-cycle?

Here :

⑭ath that ends

at its start point

o
Icycles : enclosed 2-ball



Boundaries
A chain

which is in the image of

Ut is
a p-boundary.

Reminder : Xim (f) , f
: AtB , if

JytA s
.

t. f(y)=X

Upt
Here : Cp+ (14)->)* Cp- (k)
-
-

& the set of p-boundaries forms

a subspace Bp(K)
= Cp(K) .

-

What types of things
are boundaries ?



ExampleTried
2-boun( Go saades⑭ -

E Uzlacde))= acdtadeface+ce

bound some
-boundary : set of Es

F
& I ① chain :

Another : O endpants
of paths

* T I
1 chain: subgraphseven



Note : Since UpPpt(d) = 0 XcE(+ (k)

=> every p-boundary is

also a p-cycle

So we get :
↓ ↓ f



Example : Vi

-

k= Vo
V3

Generators of B(K) ?

Generators of E,(K) ?



Quotientspace
Take a vector space Vour

field F
,

and Wal a subspace.

Define ~on V by xryyeW .

Equivalence class of X :

[x] = x +w = (x+ w/w -W]

↓(x] = x-y
th

Then
, quotient space VW is GE(xEV] ·



Fact : V/W is a
vector space

with

· Scalar multiplication
a[X] =

If ye[X], -

(4 y + x)
· Addition :



Homology
The pth homology group is the

quotient space
:

Hp(k) : = 2(k)/Bp(K)
Sp+

Recall : ->(p+

[a]eHp(k)t
---+Bp]
=EC/Ut(n]



We say 2Bt(p(K) are homologous
If [T = 58] in Hp (K)

So : C = B + 20 for U +(+(k)

j T ↑

cycle cycle boundary dim
herof hig

chain

Time for an example ...



Can we find

1-cycles? =homologous

Consider : C =

B =

If homologous, need a G-chain W sit.

2 = B+U.

Here
, H_(k) = < 7



Another: What is Hz(k) ? this
time
!

fetrahedron
inside

no
Well : Cy(IDECCIEC.(1

& Ha(k) = Ker (b) /·m (63)
= Zr/Ba

What is in im (Us) ?

What about Ker (22) ?

So: Hi(k) =



Betti numbers

The pth Betti number is the rank of

the p-dim homology : Bp
= rank(Hp)

Ki = Kz =

I lox

& (k) = B = (kz)
=



Some common spaces

① Graphs : It simplicial spaces
Wi

G(60EC (6) ->C.(6) 4
·Jo=O , so every

vertex is a O-cycle
-

· Bo : boundaries of 1-chains (
=paths)

-(p) =
· So Ho(b) =

· For H1 : no 2-cells! B=

What is E?
basis for Hy:



② Surfaces :
Uz

G=+Cp
· Ho : same as graphs
· H1 = Za/Ba = Ker(b))/im (22)

2 : Still unions of cycles
By : differ by

2 /some of Es)

-

&



Surfaces (cont) :

In the end : nonzero
for Ho

,

Ha
,
He :

A2 : the only 2-cycle is the union of
all Wis

H1 : 2g cycles per handle


