
TDA-fall 2025

HomologTally !)



Recap
· first is due today

↳ upload pdf to Canvas

· second HW-posted after class



complet
Last time : Chain complexes ↓

A p-chain : formal
sum of p-simplices in Ki

eTr
-= Zaidi Ai

L pe chain- group
·Ch(((()(p+ (k)+ ...

T

-

-
p

Boundary maps Up
: for any simplex 6 CP

,

simplices
Up(o) = Ensure profes

Cycles Ip
= C : (p(y)= O

ker Ge

Boundaries Bp
= Cp : elements

are hot
↓

by Opt = im Upri



Note : Since UpPpt(d) = 0 XcE(+ (k)

=> every p-boundary is

also a p-cycle

So we get :



- l Vi
Examp-

=
V3 G

U

Generators of B(K) ? B1
-

look at C : 0 = [rov,va]
-U(6) = vov+ v ,Us +voVs]E
Generators of E,(K) ?

ker G f
gets ↓theseeade

V
,V2
+VzVy+ YVz = = Litte

VoV , +VoVetVaVg
- C2

V ,VetVVg +VotVoVi
= &s



Quotientspace L
V

Take a Vector space Vour
field F
,

and Wev a subspace.
- if

Define ~ on V by xrY x-y-W .
-

Equivalence class of X :

[x] = x +w = (x+ w/w -W]

↓(x] = x-y
th

Then
, quotient space VW is GE(xEV] ·



Fact : V/W is a
vector space

with

· Scalar multiplication
a[x] = [aX]

-

· Addition :

[x] + [y] =

[x + y]



&

Homology
The pth homology group is the C

quotient space
:

Hp(k) : = 2(k)/Bp(K)⑳
Sp+

ImOpul
Recall : -Cp- kep

[a]eHp(k)t
j -

2 s↳ - SBp]
acycle

=EC/Ut(n]



We say 2Bt(p(K) are homologous
If [T = 58] in Hp (K)

So : C = B + 20 for U +(+(k)

j T ↑

cycle cycle boundary dim
herof hig

chain

T
Time for an example ...



Can we find

homologous -
1-cycles? ut V3

Consider : C = ViVz+ VzVs + VsVet
V
. Ver

B = vV2+ vVz
+ VVy +VoVytYoV ,-If homologous, need a Gehain 2 sit.
-

2 = B+b) ↑

- I [O]
&= VoVi

+ Vive+ Voly

usechoice..
F could

also

Here
, H_(k) = < < ,

0 = 19x2
-
-



Another: What is Hz(k) ? this
time
!

-

fetrahedron
inside

no
-

Well : Cy(IDECCIEC.(1

& Ha(k) = Ker (b) /·m (63)
= Zr/Ba

What is in im (Us) ?
im (63)=0 (nothing

in (a)
defaed

acd+ acetc
What about Ker (22) ?Of under G
-

chain of Es, cancels
So: Ha(k) = <U , 01 /



Betti numbers

The pth Betti number is the rank of

the p-dim homology : Bp
= rank(Hp)

Ki ↳
& (i) = 1 B(k) = 2



Some common spaces -

① Graphs : It simplicial spaces
Wi S

G(60(6) +(
-

im
U =0

Vertex is a Oxchai·Jo=0 , So every -cycles
-- 1 -· Bo : borndariesof 1-chains (

=paths)
Is

↑

- t w v(p) endpoin
v,w

v

Q O I

· So Ho(6) I connected componentso
· For H1 : no 2 cells ! => B= 0
What isE? any able
basis for He: minimum cycle basis



② Surfaces :
↳ Uz Or So

↳=0-G- - C+ PC
w = rank(to]= 1

· Ho : same as graphs-
· H1 = Za/Ba = Ker(b))/im (22)

2 : Still unions of cycles
By : differ by

2 /some of Es)

⑳
-

&



Surfaces (cont) :

In the end : nonzero
for Ho

,

Ha
,
He :

A2 : the only 2-cycle is the union of
all Wis

H1 : 2g cycles per handle



Computing homology groups
To compute Betti number :

&
= dim (Hp(())

Well
,
for any

linear transformation
f:Ut,

dim (U) = dim (kerf)
+ dim/imf)
Up

Set f= Sp : Up : C
-> Cot
-

Tim(im(p)
dim((p) = dim(kerlp) =+ Bot

space VIW,

Alsoaquotedim(V)
-dim ()
-

-

Br = dim(7) -dim (B)



So : computing !

Back to boundary matrices
:

Upd = &-
W

lex↳I
-emp
p-chair

= p- chain

Rows are a basis for Cp+

Columns are a basis
for Cp

How to find
rank?



Operations on
motrices

Simplify to
Smith-Normal form. How?

Add ·"...Oecolumns
A spots

Add !0
rows

↓
I

( exchange rows/columns with 0 on diagonal)



Goal : More Is to diagonal

Smith-Normal form : Np = Up-Up Vp
X

F

to-"
No= x

↓to

0

...

then Bp = rank (Ep)
- run(Bp)
~

Nit =Fina ?



An example : solid tetrahedron

SNF
% c

U- Do d

X rank Zo=
Va

No Da
rank Bo=

3 rank Z =
Va Uz

Va

grank
Bi=

rank Zu=

Uz 6
Ve rank Ba=



Next time :
-

Simplica Maps &
induced honology

Diagram Chasing
& hopefully persistent

homology
-



Recall : A simplica map between abstract

simplica complexes f : /-2 is induced

by a map
on valices VCID) -VCL)

:K-
,
KEL

Inclusion maps
:

i(6) = 6



Passing to chain complexes

Any fil
-> L naturally extends to

a map
on

chain complexes :

f+: <(k) -> <(2)

Results in a diagram
:

· - > Cpa(k)- Cp(k) -> Cp(1))--

- -> Cp+ (L) -> Cp() -> C(L)+..



Claim: 2" = "Of

why? G(K)- (k)
↳

L If(((44()
consider a - + (p(K).



Claim : f (cycle ink) = cycle in L

f(bounday inK)
= boundary in

L

why?
because it commutes !

Consider a cycle : C(K) E- (1)
2() = 0

L If
C (4) ECCL)



This induces a map
on homology :

: Hp(k) -> Hp(r)
[x]= [f-()]


