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Filtrations
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Last time :
· Homology Ho(k) : generated by

p-cycles which
are not homologous:

-

differ by a+ boundary
· Induced Homology : i: K

① have i : Hp (2)
-> Hp(k)

↳ then - --

· Relative Homology : LEK

↑ Halk , 2) : homological
features

in K/L



Filtrations
F(K) of a simplicial

A filtration

complex K is a nested sequence

of subcomplexes :

F:==
.. Kn =K

called simplex-wise
if Ki/Kit

is empty or
a single simplex.



Example 1 : Ka/k :
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Example 3 simplex-wise
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Functions a filtrations

Consider f : K+ 1R. e
- is monotone if VT = &,-

f(c) = f(b) f(0)= 10
FAB)
ABC) 1 : 10

Fix 90 91[ ... An A(AC)

↓ let Ki = f" (l-0 , ai]) .

The sublevel set filtration induced by f

is defined to be

=Ko = k1[ ... kn = K



Note : We saw natural extensions to

non-simplica setting , assoming
"nice" functions + spaces .
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Example :
Cech complex

t

g What is
↳ f?

Ge -

a
air Consider

G =[Vo -V]
-
-

radius
↓

f(x) =min[al B(%, vo) nB(%,vi)
1 . .·

↑verte B(%,v2)FO



Example : Rops filtration

·

What is f ? 0= [vo--Vis],

f(0) = min(alVij0 ..k]
,
B(4/2,:)B(,V)

-S



Common way
to build f : Vertex function
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Lower a upper
stars

a total order on
vertices :

EX
f(vi) < f(ur] E ... Ef(rn)

Lower star
of v

,
Lst(v)

,
is the set

of simplices in
st(v) with lower

function value
·

stv)
Recall :

star , link, # link(v)
f(v) =2

↑ closures : Y

Link(v) =SF()
- St(v)



Lower star filtration
:

0= KfNo) = Kf() E ... - Keny=K

where Kelvi) is all simplices spanned

by Vas -, Vi

K(v) K(vil k(r)
F

Note : simplex-wise? No

What is Kevil/Kfi? lowersterV
in Kirl



Upper star filtration

Same setup with vertex order, but

Set If(vi) = all simplices spanned
by Vi,Vity , ....

Un

then 6 = kfirm (fn)c ... <k
f()
=K

=>b 3
b > a ->K Ka



Try it: Ver ordering for superlevel
set filtration :

↓
S

+
Y14
342



Induced maps
on tiomology

Each Ki Kin , so
we get

induced maps H
p
(Ki) -> Hp (in)

Homology module
(simplicial case) :

inclusion
&

Hp (F(k)) : - S

6= Hp(o)->Hp(k)+ ..
- -

> Hp(n) =Hp()
T ij ->f : Hp(ki)+

store? Hp(kj)
What do these 29



Simple first case : Betti
curves

B. (F(k)) : 1
-

⑦ B+ (i)
= rank(Hp(k))

↓

&

---

& # X .

What are Bo
- ↑

aB ,
curves

-

-
here?

- X

Bo : ·To t B:
-

-

Xin
-t



Another example
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These are useful !
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Now let's try tracking generators
of

homology :

O
--

↳
-

[A
[A]

(



Another:

,
⑧

-

-
-

-
TABCE)



th
The p-persistent homology groups
are the images

induced by inclusion :

H = Im (Ho(ki)-> Hp(kj))
KiKj i

The pth-persistent Betti
numbers

are Bij = rank (H)

for a persistence module

Hp (40)-> Hp(k)+... Ap(ki)+ - Hp(kj) +..Hp(k)



Birth a deeth

We say
a homology class WeHp(ki)

is

Dorn at Ki
If it is not in Hi

+ ) dies entering Kj
if it marges

with an
older class ,ie

if

fi(2)
+ but forj (5)-H

J
Warning:
not
book's
version!



Revisiting : When are births a deaths ?

[N-EAs a
bis hissdsa des Des
born



Next time ;
persistenceBarcodes - I
diagrams .


