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bottleneck.
distance+

stability



Recap-
· Welcome back !

↳ How did you
like AARTN talks?

· Next HW : a "paper
Chase"

cosure to topics you likeIntention:ex1
within TDA

· practice reviewing
· explore topics for Gual

project later on



The workflow so for

Build a
filtration F from

a simpliced

complex
↳ usually parameterized by a function
f
,
via sublevel sets

Example : PERM
Build Rips filtration

:

ki = VR(R
,
r)

for Or, E
---

=>
Persistence

diagram



Result : Ho and He

· ..
now what ?



Distance measures

A distance on a set X is a function

d : XxX -> Ro Sit. XX
, Y ,zEX

· d(x ,y) =0 + d(xy)=0 Ex X =Y
· d(x,y)= d(y,x)

· d(x , z)
= d(x

, y) + d(y , z)

Our goal : distances for
PDs

· X=EDgmF(k)]rik



Bottleneck distance (book's version)

LetT =E+: Dgm + (f)
-> Pgmg

denote the set of all

bjections from PD of

f to PD of g .

Let lylly=
max(ly-Xally-Yal3 ,where

-U =0.

Then dis (Dgm(f) ,Dgm(g)
= inf sup 11X-H(x110

.

Nett YeDgm(f)



computeFact : di is a metric. ↳ are
In

Proof : · dis(X , Y) =0
-

db(X ,Y) = 0 Es X = Y -

# d(Y) = dist
↳ bijection

it

(blc in R2 & Ladis)
~

triangle inequality X
.

8
of



Stabilityy
Let X be a triangulatible space-

be tame
functions

fig : X+R un Smooth & Lipschitz)
↳leg: - filtrations

rise to two space
giving
Ed Eg .

Then Up-0, I

d (Dgm(Fe) , Dgm(Fg) Ellf-gllo
X

th

Phomology
diagram



More stability.
-

Let dif be Hausdorf) distance :

dH(X, Y) = max Esopnf-y, SupxyI

Translating :



For Quite point clouds X,YERY
Let Dgm(C(x)) o Dgm(C()) be the

persistence diagrams
of the filtration

defined by the Each complex
.

Then,

di (Dgm(((x) ,Dgm (((Y)
= d(X,Y) .
Propf picture:

(fixingPMy
He



P .q-Wasserstan distance
Given diagrams XTY,

Wp(X ,Y) = inf ([Ix-t()"
fix-Y X EX

* ↑ bjection Yg

paylle =fey (DX-e()))
#

& special cases
:

/
V p = q

=x : bottleneck
-

&

p
=2
=2 : common !
-

-
- -



Note of warning
:

Notation is not consistent !

Our book : p
=q in

Ch . 131 wa
-

Other reference :

Nice resource: AARTN talk by
Kate Turner



Nonetheless, can get some weaker notion

of stability :

usually need addition of Lipschitz :

If(x)- f(y)) - NX -yl) usually
then : J Cak = sit.

w() = C
: llf-gl

[Note : Hiding some technicalities here-

Skraba Turner 2020
I recommend
If you

are carrous.)



f
Space of persistent diagrams #
Let Do be the empty diagram.

The space
of persistent diagrams D

is the set of diagrams
with

finite distance to Do
,

le

D = EX)W(X,Pl =03
So for each XeX,

can match to diagonal

Note : does not necessarily means]
X is finite!



Some statistical things
·D is complete+ separable (Polish)

If p=
& ge

↳= 1

↳Why? probility
distributions !

· Non-negatively curved
Alexandro

2 Wi
space if p

=g
=2

. Da

↳ Why?
gradient descent



How can we get an "average" ?

j -

-

-
- -



Frechet means

Consider X =Ex ...,Xn]
<R

The Frechet variance
of X is

Var =inf F(a)=
Y

j [
The set which

realizes is

E(r) =SaeRIFu(a)
=Var]*

↳ called Fredht mean

Cor Frechet expectation) butepts
- Uniquea computable ! any



Now let [X1
, ...,
Xn] be persistence

diagrams in DP .

=Dp
+qFP

Frechet variance

Varif [F=Wp(iY]
a Frecket mean is

the set where

value is obtained :

E(r) = [Y/F(Y)=Var]

...
What ??



Picture : not unique
!

X
1
= 551 )Ba]

Xz= Eda , Ob]

Two Frechet means :

Y =[u, *v]
Y:Ex , Dy3

- E(U) = <Y
,
Yz]



The good news :
The Frechet mean IS non-empty

Mileyko etal
2011

-Turner et al 2014
(with some milk assumptions on

distribution of the
set).

For Do : gradient descent algorithm- -

to compute local minimum.

In genera , though
: open



T al 2014-Changing the question : -asy et

What is an estimate
for the averge

(true?) diagram,
a how far off an

I?

·Want to estimate PD

for a set M & Pd

· Don't know i

↳ but
,

have a sample
Sn=EX ,Xn] drawn uniformly

from M.

· Persistence diagram for
Sn is used as

an estimator for X-devoted *



Confidence intervals
a collection of points

X= Ex
,
-

,
Xn]

Given I
from R , the 100. /1-2% confidence

interval for the mean is is the

internal [u(X) , v(X)]
such that

P(m + [u(X) , v(X))
= 1 - 2

Equivalently : finda w an estimatefor

M called i st.

P(IIm-ull = c) = 2



How to use In persistence)
Fix +(0, D

Want Cn :
= Cn(Xz

, . ,
Xn) Sit

limsupP(dp(X , Xn)>n)= C
n-

Then
,
[0, Cn] is an asymptotic (12)

confidence set for the
bottleneck

distance dis(X ,X) .

The confidence setIn is the
setof

diagrams whose distance to Xis-Cy

C = [Y/di(Y .Y) = cn]



Assume you
have X & C :

un

Put a box of
width zen at every

pant in X .

I
A point ishouse if its box intersects

the diagonal-- Or, put
strip along
diagonal !
zen?

↓ con
-

L
W

U

is



How to get In though?
·Start with date

S = EX1 1 - -, Xn]

· Choose bibn such that b=on
· Pretend we have all N= (v) subsamples

St
-,
SN 1

↳ "bootstrapping
(In reality : just do a lot)

· Calculate(SIS) , j =1: N
N

· Set (t)=FTict) &

set = 24(a)



What now??

Using a theorem
here :

[Note : there is every chance you
may

be better at probability
than me...]



Back to pictures

(Next time-stay tured
!)


