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History Persistence actually come up often !

Matry algorithm is from

-Edelsbrunner-Letsher-Zomorodian 2006

iven In

Algebraic formulation 9
Carlsson ↓Zomorodian 2004-

Independent formulations

-990 - manifold comparisonFrosni In Endiden space

Robbins 1999 -crystaline structures-
& periodicity
↳ Ho



So fer : Persistence

Chain complexes a filtrations
K
,
=K -· En

At pass to homology

f 12 f
2
,
3

O- Hp(k) ->Hp(kDe
.. - Ep(()+ 0

where fij is induced by inclusion

and H = Im (Ho(ki)< Hp(kj))
un

↳ homology classes
in Ki but

checked in bigger complex



Aside : Hp(ki) is a homology group
still !

so calculated as we
saw before :

Up
Ua-

C(ki)C(i)+.CKE---G(
then Hp(ki) = zp/Bp

= Ker Up/im Opt

Calculated via Smith

boundary matrix Normal
fun Y

Form



last class-revisit)
Pairing (bookdf

from

class that
Let [c] be a p

th homology
Xj. Then, it

is born

dies entering If Ji-F
=

at X: Ifa only
(with K =D St.

· [i] is born at Xie (les .. 13)

· [c]= fins([i]-- +f
+(2)

· i= i is
smallest possible chace

f
Why?? ->



-
Affo

↑ ·ky)
Au

tire=4
do

Edeath ! at &Corin ku)

[ACF] exists H1(k3)
,
not in Hz(ky)

In -

Birth ? Could pick AE]
inks

[ABCE] in Ke
->[ABCE) in KI

f74 ([ABCE])



Remember : fi
-> R

K -- --Kn
↑
x

induced complex

on8,



Counting classes Set Bpij = rank(Hpj)
↓ Persistence -

S

&- Hp(lp) +H· (k) +.. -> H(kn) +0P
P

Kurs

· Attach O vector space
at end

· Associate n+1 to an=
y

· Then Bij counts
classes born

before I which die
after j
-

I- areate in

-

How can we get # of classes
born at i which die

atj ?
iHi-Hpt---



Pairing function
for Ocij n+, define

=( ↑

1T
# of classes

born,

↳
at i

thatdie

Why? in ja,
fi

Hp(Xi)+Hp(Xi) Hp(X)-Hp(X)
un un

gir ,j _ girli Bij -Big



When Mr#0
,
the persitence of a

class [C]
,
Per ([C]) , which

is born

at X : + dies
at X; is defined

as Gj-Gi.
↳ length of barcode

"lifetime"

[Ifj =nH with ant=
Y
,
Pers(a))=c] .



Persistence diagram Dgmp (f)

Calso written Dgmp(f)
Filtration F on K

induced by f

Dgmp(F) is
obtained by drawing a

point (azaj)
with nonzero multiplicity

hij licj) on
extended plane,

_
mult

=2

where points on the diagonal;-

-= [(XX)ETE] are
added !with infinite multiplicity A



Let's try : First, calculate Big
↳ then wis

⑧ ①-
- S =>- #

- ② -

·8

S111
Big 4 I I 1t2 7

-

1 2

123456789



·
-B

71111222 7

b7↳ +B
4 I

=>

:3 1 11 i i 3 E

212 2

11 1
12 345678 9

- wis (i) uA!
-BThen Dgm(F)=
-

Ez
13

+B
1111111



Taking stock
:

Can compute Hp (ki).

How to get Hpj ?

Really , want ) , so can calculate

Mi -> then Dgm ,(F).

So : need to adapt matrix

algorithm
somehow , to g

et

ranks
of induced homology .



SomePreliminaries

Let f : K-> I give
the index where

a simplex 6 appears in
filtration.

A compatibleerding ofthesimplet
· f(6: ) < +(6) => isj

->j
T is

a

E: ↳
M

53



Essentially ,
we now have a simplex-wise

filtration : assume Kj/Kj= Op is

a single simplex.

When p-simplex Go is added, two possibilities
:

O A non-boundary p-cycle
c along

with its classes [c]th for
heHp(if

t are born .

Call 6j positive
Cor a creator).

-

② An existing (p-1)-cy
de C along with

Its class [C] dies .
Call 6; negative

Cor a destroyer) . ~Farr-



Ho birth death

Examples H1 birth
! death (no H2 here)
-

D b

D 7

d
2 d X Hirth

Y eate "IdatHi
birth



An algorithm
Take boundary madrit,

with rows &

columns In simplex-wise order :
-C

NAN Bot

Bay
↳

Ko KI K243

· Let low(j) = row of lowest
1 in column j

1+ If all O's, low(j) = NCN)

· Ris reduced if low(j)+ 100(j)
for any

jt]



Matrix operations
To add rowk

torow I, can

create matrix with 1 in 1
,
K:



Here :

-1 - ↓

= #
Nur ·

u
nu

I
↑ ↑

A



Idea
· Bis apper triangular,

if we add

from left it stays that way
·If a column is entirely O , that

simplex created a homology class
Ca-unique of

(so it is positive)~ Indep

· If a column
has a lowest t operations)

then this simplex
killed a class

from the previous Step
Proof : essentially , 1 in that spot means][ Mij =1



Pairing
· Every negative simplex

must be paired

with a previous positive
(birth/death)

↳ pair
with its lowest 1

ii ↓ ↓

&

Pairs :
F

-

A -> C BOP-CE
-

CD - D
AEE
BE - B

ACD -> AD



Fact

The number of unpaired p-simp
lices

in a simplex-wise filtration
of K

is its pth Betti number.

Why ? If earedt death-

- I
birth

d

If unpaire created
↳musthaveTe fecture



So : use pairs
to build persistence

diagram .

Unpaired :
↓

Ko : A and AD
- B (10)=10 Bi(ki)

=1

KI : still AtAD,

Ho plus BC
↓

Bo
=1 Bi

=2
(1 ,

x) ared !p,
)

K2 : AD now p
-

= Bo=1 Br1

Kz : no change



Next time :

Some code discussion

Stability+ distance metrics

for persistence

Longer term :

-StatisticsML

- Reeb graphs a Mapper graphs
- Extensions of persistence


