
Algorithms

More reductions



Recep
- Slight change on HW :

You may do either# 3 or # 4
.

CThe other is extra credit
. )

- HW is due next Monday .

- Final HW - due after break
.



P.NL?rco-NP-PENP

Consider only decision problems :

so Yes INO output
sqataffeandeaseonsopuergbb.gs

polynomial time .

Ee :
- Is x in the ?

Oca ) or 0 Clog h )
- Is there a cut in 6

of size KOO ?
of Non -

determinate
↳ F- F : OCVE)µpPy9Y§etEof

problems
such

that ,
if the answer is yes

t you hand me proof ,
I can verify I check in

polynomial time .

Ex : Grant SAT : hand me input,

Ican deck in On th )
time

co-NP-i.IE

answer is no
,

Ican
check that eh poly time .



Pfe : NP-Hard

X is NP-Hard

IEE.iq?IEipb.enestien
So if any NP-Hard problem

could be solved in polynomial
time

,
then all of NP

could be
.



Tq.pro.ve.NL?Hardnes#ofA-:

Reduce a known NP-Hard
problem to A

.
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if train formation t subroutine
for A is poly hug

then could solve crautstt
in that time

,



Thepaltrn

D Find an NP-Hard problem,

A solve it usingunknown problem as

a Subroutine

I e

⇒
'

:
e

:

Proof .

Triad if a only if !

( ie might be some

word indep.
set that

doesn't make a SAT )



So far
-

:

① Circuits AT - Cook 's th m

( 1971 )

②

SAICo ok 1971 )
③ 3 SAT

? ?
I

④ Ind .

Set in a graph :

Karp 1972-3

How ? Took 3 SAT
,

& changed it to a graph



Ne: Clique #

A clique in a graph is
a subgraph which is

complete - all possible
edges are present .

qI¥
Ques Gok :

1

Try (2) possible
How could we cheek if

GUFF
has a clique of size K.?



Decision version : Does 6 have

input
:

of seek ?

Output : Yeslno

This is NP-Complete :

-

① In NP .
 why ?

If you give me K
vertices :

Each have vertex list
.

For to K

For I =L to size of list k

check that CKD
other vertices are

⑦
in list



② NP-Hard :

What should we reduce to
K - clique ?

← Oag

t¥
'

%
.

- Kkk

.

⇒
E

:#Ind Set : Subset with
ne edges

Input : Gk
Take the complement of a

graph ;
E :

If w EEG, net in ECT )
If ur ¢ ECG )

,
ur E ECE )0€;I¥e9ch%'ftp.guesfe.no#Eset

.G ' has a di



So :

OCR)
x

F- clique



Next : Vertex Cover :

A set of vertices which

touches every edge in 6
.

K - Vertex cover ( decision version ) :

#
Given G a k

,
does

G contain a set of
k vertices covering every

Innis
edge ?

If you give me k verbose

For each edge in 6

Check if one endpt
IS in K set

OCKE )



NIM : reduce what ?
C propably clique or and set ! )

Keep: If S is independentset
,

what is- V - S ?

i÷÷t4¥
All edges can 't have 2

endpoints in S

⇐Every medgqfrgszlendpt



So simple reduction !

Given G - k to mdgs .

set
,

ask if F vertex cover

of size n - k
.

Set G' = G

K' = h - k

independent set of k
,

S

⇐ VC of size n - k
,

- VS



Next : Graph Coloring
A keoloring of a graph G

is a map :c : V → E 1. ok}
that assigns one of K

" colors
" to each vertex So

that every edge has 2
different colors at its

endpoints .

Goal : Use few colors

V -

coloring

•

etsy

/



Aside : this is famous !

Ever heard of map coloring ?

•

•

Famous Theorem :

Any plan - graph
only needs 4 colors

.



Tim : 3- color ability is

NP-Complete .

(Decision version : Given G
,

output yes Ino )

InN
If you give me

coloring : C : V -781,33}
Loop through edges ur

check Ku ) I du )

O CE )



NP -ltrd
Reduction from 35ft

.

Given formula for BAT OI ,

will make a graph Get .

OI will be satrsfabk

# Got conzkeotored
.

Keynote : Build gadgets !

�1� Truth gadget - one

TOoo*•IEEE:
" true

"

color
.



② Variable gadget -

er

SAT
variable

I ,

"

¥÷
.

sets
one gets F color



③ Clause gadget :

For each clause
, join

3 of the variable vertices

to the
"

true "
vertex from

the truth gadget .

Goat:

Iafl
3 are finehand

§
⑥ 3- coloring

•
idea : If all inputs are colored
Edge

,
can 't 3 - color :



3 color 'y¥¥E is

satisfabkpf:



Final reduction
image:



Time to build GOI :

n variables
m clause gadgets

↳ Occ ) vortices

Soy :

x



Next time :

- Morereductions
- Plus some non - graphproblems !


