
Algorithms

NP - Hardness
( cont )



Recopy
- Last 2 Aws up

• one due next Monday
. final one due last Wed .

of classes
• final worksheet ( ungraded)

will be up after
break

- Final exam : Monday of
finals week

Review sometime that

Friday



P.NL?rco-NP-PENP

Consider only decision problems :

so Yes INO output
sqataffeandeaseonsopuergbb.gs

polynomial time .

Ee :
- Is x in the ?

Oca ) or 0 Clog h )
- Is there a cut in 6

of size KOO ?
of Non -

determinate
↳ F- F : OCVE)µpPy9Y§etEof

problems
such

that ,
if the answer is yes

t you hand me proof ,
I can verify I check in

polynomial time .

Ex : Grant SAT : hand me input,

Ican deck in On th )
time

co-NP-i.IE

answer is no
,

Ican
check that eh poly time .



Pfe : NP-Hard

X is NP-Hard

IEE.iq?IEipb.enestien
So if any NP-Hard problem

could be solved in polynomial
time

,
then all of NP

could be
.



Tq.pro.ve.NL?Hardnes#ofA-:

Reduce a known NP-Hard
problem to A

.

¥÷÷t⇒¥¥E¥
-

-
[

arpent
'S

AT

if train formation t subroutine
for A is poly hug

then could solve crautstt
in that time

,



So far :

① Circuits AT : Cook - Levine

(only direct proof )

② SAT :

Take circuit
,

t build formula
circuit is true ⇒ Arm .

is SAT

③ 35 AT : 3 CNF formula :

CevyEE ) n C
- -

I
^ ( ) n C )

Take circuits AT t

reduce to 35 AT

circuit has inputs yield T
⇐ 3 CNF formula is

today : More ! Satisfy able . . .

(plus general pattern )



Nextproblemi

Independent Set :

A set of vertices in a

graph with no edgesbetween them :

EQ.EED-¥¥decision version : input : Gtk

Does G have and

output?tfEsize k ?

( wait -didn't we see this already ! ?)
solved in paths or trees



Challenged: No boo leans !

But reduction needs to
take known NP-Hard
problem a build a

graph :

?? needs to build

graph
6 - pick a

number k

We'll use BAT
C but stop and marvel

a bit first
. . a )



Reduction
-

:

Input is 3CNF boolean
formula : n variables

am clauses

→

I727374
①

Make
a vertex for each

literal in ead clause

a b ?"suffices:

a

a I
€

CY

yo
a

d

② Connect two votes if :[
they aureasome
[

they Es ble -

For loop for Iwo ) ⇒ Offertire



Example:

-

Input to Imd Set sub routing
. this graph

° K -
- m



Claim↳ mula is Saks fable
⇐

G has independent set
of size M (

Proof .

: Suppose formula
is satisfy able

.

Set of inputs Xt . . xn

sat .
whole thing is true

.

Since INF
,

I know
at least I variable in

each clause must be true
.

Give; v
.

A
-¥TFp Build and .

set
in G :

Pick vertex com . to

a true value in clause
.

This forms an IS in G
.



Pf ( cont )

¥pps Ghas and set
of size m

.

Since I built 6
,

I know
each clause made a D

.

So end set gets at
most 1 vertex per
clause

.

So if I pick T for all
Values in IS

,
I get

1 per clause
.

Why valid ?

A var & its negation
can't both be in

IS C b/c I put an

edge ! )



Sf :

gm
⑨mtnT)

§ m

Tndsefof size m



Thepaltrn

D Find an NP-Hard problem,

A solve it usingunknown problem as

a Subroutine

I e

⇒
'

:
e

:

Proof .

Triad if a only if !

( ie might be some

word indep.
set that

doesn't make a SAT )



Nudge: Clique #

A clique in a graph is
a subgraph which is

complete - all possible

,

edges are present .

Try (2) possible
How could we cheek if

GUFF
has a clique of size K.?



Decision version : Does 6 have

input
:

a clique of sized ?

Output :
'

This is NP-Complete :

-

① In NP .
 why ?



② NP-Hard :

what should we reduce to
K - clique ?



So :



Next : Vertex Cover :

A set of vertices which

touches every edge in 6
.

K - Vertex cover ( decision version ) :

F
InNP



Npttardess : reduce what ?
C propably clique or

,
nd set ! )

Keys: If
,

swhafsindependent ?



So simple reduction !

Given G - k to mdgs .

set
,

ask if F vertex cover

of size n - k
.



Next : Graph Coloring
A keoloring of a graph G

is a map :c : V → E 1. ok}
that assigns one of K

" colors
" to each vertex so

that every edge has 2
different colors at its

endpoints .

Goal : Use few colors



Aside : this is famous !

Ever heard of map coloring ?

•

•

Famous Theorem :



Next time :

More involved redactors
. . .


