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NF Hardness -

Complexity :Reductions



Reay
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HW&
: due next Monday .

Sorry
!

(Predictably , my computercrashed . . . )



P.NL?rco-NP-PENP

Consider only decision problems :

so Yes INO output
sqataffeandeaseonsopuergbb.gs
polynomial time .

Ee :
- Is x in the ?

Oca ) or 0 Clog h )
- Is there a cut in 6

of size KOO ?
of Non -

determinate
↳ F- F : OCVE)µpPy9Y§etEof

problems
such

that ,
if the answer is yes

t you hand me proof ,
I can verify I check in

polynomial time .

Ex : Grant SAT : hand me input,

Ican deck in On th )
time

co-NP-i.IE

answer is no
,
Ican

check that eh poly time .



The first problem found ;

Boolean circuits

T

t
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F

Given a set of inputs ,
can

clearly calculate output
in linear time C in #

inputs
t

. #gates) :
How ? Circuit is a

tree → traceTff values
through

gates
startingfrom

"

leaves
' '



Q : Given such a boolean
circuit

,
is there a set

of inputs which result
in TRUE output ?

TF
The
TF

FIT
TIF

Known as CIRCUIT SATISFIABILITY

( or CIRCUIT SAT )



Best known algorithm !

Try all 2
"

inputs .

Track through gates a

check if TIF I -

Running time :
Output24mm

)
Note :

prght be a

better way !



Cootch :

Circuit SAT is NP-Hard
.

← not in

Np

NP-Complete: - in NP

Why? -
and NP-Hard

They mime any Tung
machine

using
a circuit

.

Just trust me .



Pfe : NP-Hard

X is NP-Hard

IEE.iq?IEipb.enestien
So if any NP-Hard problem

could be solved in polynomial
time

,
then all of NP

could be
.



Tq.pro.ve.NL?Hardnes#ofA-:

Reduce a known NP-Hard
problem to A

.

¥÷÷t⇒¥¥E¥
-

-
[
arpent
'S

AT

if train formation t subroutine
for A is poly hug

then could solve crautstt
in that time

,



We've seen reductions !

Remember flows t graphs ?

:÷i÷¥king
Equivalent pseudocode
÷

B.park Kha thing ( 6 ) : a- OH

t¥o¥f6§to a flow

networks?
Turn flow into the matching



This will feel odd
, though :

To prove a new problem
is hard

,
We 'll show

how We could solve a

known hard problem
using

new problem as

a subroutine .

W¥?weu
,

if a pay time

algorithmexisted
, than

you
'd also be able to

solve the hard problem!

(Therefore can't be anySuch solution . )



Other NP - Hard Problems :

SATI . Given a boolean
formula

,
is there a

a way to assigninputs so result is 1 ?

¥ :

.

n
.

variables
,

m . clauses

In Npi-
If you give me n Tff
values

, I can go
left to right - evaluate

boolean .

Ocmtn )



Thy : SAT is NP - Herd .

← Known
NP-Hard

PI : Reduce circuit SAT

to

SAE
"

unknown

Reduction :
.

Given a circuit
,
want to

write Canpoly - time ) an

equivalent clause .

Then call subroutine



More carefully :

1) For an 'y gate ,
can

transform

:

xy =D
- z :

I
z -

- x ay)

4.=D - z : ( Z '

- Xvy )

x -Do - z : ( z -

- I )

2)
"

And
"

these together ,
t want final output
true :

✓

¢ this
IS

true

O



Is this poly - she ?
g to aron #

Given n inputs

t.hngales
:

Variables : htm variables
ins

clauses : 1 per get
⇒ am )

End reduction :

Ochtm )
x

-

(Hoefs "
n
"

is total input size )



The : 35 AT is NP-Hard

pI : Reduce circuit SAT to
3 SAT .

Need to show any
circuit

can be transformed to
CNF form

( so last reduction facts )

Steps-

:

① Rewrite so each gale
has 2 inputs :

¥ :# -

DXs

¥t.mn



② write formula
,

like in SAT
.

.

3 types : ( same as SAD
y

= a v b

y
= an b Ont my

y
= a-

③ Now , change to CNF :

go back to truth tables

§§gda[
CNF : conj .

normal form

TH
C not quite 3 SAT yet)

④ Now ,
need 3 per clause :

x4 of #

clauses
I introducing dummy vars



Note : Bigger !

He

How big? polynomial !

0 ( mn ) ar ofntn )



SHI polynomial :

Soi .

-

Oocntm
)

(go check reading)



Nextproblemi

Independent Set :

A set of vertices in a

graph with no edgesbetween them :

EEFD-¥¥decision version :

Does G have and
set of size k ?

( wait -didn't we see this already ! ?)
Solved in paths or trees



Challenged: No booleans !

But reduction needs to
take known NP - Hard
problem - build a

graph :

gatherers ;
??

we 'll use 3SAT

( but stop and navel
a bit Abta

. )



Reduction
-

:

Input is 3 CNF boolean
formula

①

Make
a vertex for each

literal in ead clause

② Connect two votes if :
- they are in some

clause

-

they are a variable -

its inverse



Example

÷



Claim↳ mula is Saks fable
⇐

G has independent set
of size n f- # input

?_? )
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